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The study aims to determine the numerical solution of partial 

differential equations of the ellipse type, both linear and non-linear. 

One of the most popular methods for solving partial differential 

equations is the finite differences method, which provides accurate 

approximations in comparison to the actual solution of the problem. 

The study provided clarification by utilizing the Laplace equation's 

numerical and analytical solution as one example of a partial 

differential equation of the linear ellipse kind. Regarding the study of 

solving partial differential equations of the type of nonlinear ellipse that 

is difficult to solve theoretically, we were satisfied with finding the 

formula only and programming it to obtain the required results. We 

then used the MATLAB system to find the solution to these equations. 

The results showed that the numerical solution is superior to the 

analytical solution because it can solve complex problems numerically, 

which is what the analytical solution cannot master accurately. 
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Introduction 

      Differential equations are the most effective means of describing the majority of geometric, 

mathematical (Redheffer & Port, 1992), and scientific problems, It is crucial to classify 

equations in order to investigate their solutions (Froese & Oberman, 2011). Ordinary 

differential equations and partial differential equations are two categories into which 

differential equations fall (Iserles, 2009). Recently, there has been a great deal of research 

focused on non-linear partial differential equations (LeVeque, 2007). Even with the growing 

advancement of mathematical ideas and techniques for resolving nonlinear partial differential 

equations (Bashier, 2020), numerical solutions As these solutions predominate in analytical 

solutions in this field, it is the most popular method for studying the properties of these 

equations (Zill et al., 1997). 

http://creativecommons.org/licenses/by/4.0/
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        In recent years, there has been an increase in the use of electronic computers to obtain 

numerical solutions to partial differential equations due to the extensive use of many highly 

effective methods (Shanthakumar, 1987). The commonly used partial differential equations 

are the second order partial differential equations whose general formula is (S H, 2012) . 
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where A, B, C, D, E, F and G are functions of(   and ( ) or constants 

If          then Eq. (1) is called an ellipse equation 

It is Examples Poisson’s Equation In two dimensions (Adu, 2020):   

               

Laplace’s Equation In two dimensions (Le Dret, 2018):  

          

Such that   A=1  ;   B=0  ;   C=1    

         

                   

        The function u(x,y) is the solution to this equation (Subramanian & White, 2004). It 

satisfies the solution of a point in the region R that is enclosed by a closed curve C as well as 

boundary conditions that are established on the closed curve C (Simmons & Krantz, 2007). 

The finite difference method is one of the most widely used techniques for solving partial 

differential equations. which, when using finite differences methods to solve problems, first 

divides the time needed to find the solution to (n-1) of the equal dimensional divisions (Ray, 

2018). Next, we convert all of the derivatives that appear in the differential equation, as well 

as the derivatives that appear in the limit and prime value (Mathews & Fink Kurtis, 1999), 

into appropriate approximate differences. This method generally yields good approximations 

when compared to the real solution to the problem, then obtains a set of linear equations, the 

number of which equals the number of unknowns, and solves these equations concurrently 

using the proper algebraic techniques. We obtain the necessary numerical solution for solving 

systems of linear equations. Tyler's expansion is the most effective method for transforming 

the derivatives that arise in differential equations into suitable approximations (Le Dret, 

2018), The expansion of Tyler will be continuous if the function (y) and its derivatives are 

functions of (x)  : 

                   
  

  
                           

                   
  

  
                           

      Neglecting the higher ranks of (h) gives the Eq. (4) that gives the forward finite differences. 

For the first derivative        which is: 
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Similarly, Eq. (5) gives the finite differences behind 

      
           

 
                      

Subtracting Eq. (3) from Eq. (2) and neglecting the higher ranks of (h) gives us the central 

differences: 

      
             

 
                  

Now by adding Eq.(3) to Eq.(2) we get: 

                                   

where       represents the terms of the fourth order or more of (h) and neglecting the higher 

orders of (h) we get: 

       
 

  
(                   )               

Since Eq. (7) represents the approximate central differences of the second derivative        , 

and to find the approximates of partial derivatives by the method of finite differences, we 

assume that (u) is a function of (x) and (y) and then divide the plane (x-y) into a network of 

rectangles with sides (    ) and        draws a set of lines so that: 

                       

                       

 

 

 

 

 

 

 

 

 

 

Fig. 1 Grid Points (Jovanović & Süli, 2013) 

The points of intersection of these lines are known as grid points. The general method of 
solving partial differential equations by finite difference method is to obtain the solution at the grid 

points, and the grid points here may be caused by the intersection of rectangular lines in the case of (h 
≠ k) or the intersection of square lines (h = k). Therefore, the numerical approximation of the 

function's initial and secondary partial derivatives (u) is relative to (x, y) and using Tyler's expansion: 
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Therefore, partial differential equations can be converted into difference equations 

using the previous equations. 

Numerical Solution of Linear Ellipse Equations 

Examples include two-dimensional ellipse equations Laplace equation: 

 Laplace equation can be converted              and for a rectangular grid with 

dimensions       to the equation of differences (Ferziger & Perić, 2002) , where divide the 

rectangle    {                  }  to a grid made up of sides-by-side          

   rectangles              As seen in Fig. (2) : 

 

 

 

Fig. 2  Shows the clip used in the Laplace difference equation 

 

   We start calculating the first line when          And the solution is defined by 

                 The clasp space is uniform in each line so that:  

          ,            

It is uniform in each column so that:  

           ,            

 We will convert the Laplace equation to a difference equation using the two Eq. (9) , Eq. (10) 

and substitute it in the Laplace equation as follows: 
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Assuming that the grid is square,         Therefore  Eq. (12) can be written as follows: 

     
 

 
(                           )              

 

We can see from Eq. (13) that the value of (    )  is the rate of the adjacent four points, 

as well as it is called: The standard five-point equation, It can be written as follows: 

                                               

 

Sometimes this equation is also known as the Liebman’s equation we can see the 

specific differences of this equation in the Fig. (1). 

Thus, Eq. (13) or Eq. (14) can be developed for each point of the grid, given the 

boundary conditions, so we get equations as much as the number of unknowns (points) and 

then these equations are solved by one of the methods such as the Jacobi method or the Kaos 

Seidel method. 

The equation similar to Eq. (13), which is sometimes also used, is: 

     
 

 
(                                   )               

 

This equation is known as the diagonal five-point equation. It can be noted here that 

although Eq.(15) is less accurate than e Eq.(13), it serves to give a good approximation to 

obtain initial values for the repetition process. we note the specific differences of Eq. (15) 

shown as in Fig. (3): 
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Fig. 3 specific differences of the diagonal five-point equation 

 

Fig. 3 Specific differences of the diagonal five-point equation 

 

          To start the calculation steps, it is important to start with appropriate initial values, and 

this is by taking the largest length of the grid, and using the equation of the five diagonal 

points, Eq. (15), we obtain the initial value of the center point. For example To determine the 

values of      at the points of the internal network, then the values of      on the boundary are 

known as shown in Fig.(4). 

 

 

 

 

 

 

 

 
 

Fig. 4  The points of the internal network 

When applying the five-point equation diagonal Eq.(15), we get the initial value of 

     at the center: 

   
 

 
               

By knowing     , the approximate values of               are calculated similarly 

using the equation of the five diagonal points Eq. (15) and the remaining values 

              we get them using the standard five-point Eq. (13) and then the process of 
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applying either the Jacobi method or the Kaos Seidel method to obtain the final solution with 

the required accuracy and that the system       lies solved by direct methods or by 

repetitive methods ، The method of deleting Kaos will be used to solve this system. 

It should be noted that the boundary conditions either the information of any values 

known on the boundary such as      in the previous Fig. (4) or is partial derivatives  which 

conditions are partial derivatives with respect to         at the terms. First of all, we equal the 

derivative with zero.  

𝜕

𝜕 
          

We assume        and the right-hand side       for the rectangular 

  {                   } 

Where the restrictions on boundaries are :  
𝜕

𝜕 
  (      )    (      )    

                                                 

When (      ) is a specific value and the reason is that it lies outside the R region, you 

can find its value using the formula of partial differential equations using the Eq. (8) we get:  

             

  
   (      )    

The value of the rounding is:  

              

Substituting into Eq. (16) gives us 

                                 

Then we find the approximate values of (    ) as mentioned earlier. 

 

Numerical Solution of a Nonlinear Ellipse Equation 

   The nonlinear equation of an ellipse will be studied. which is in the form 

𝜕  

𝜕  
 

𝜕  
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Where we notice from Eq.(17) that the right side is a quadratic function and to solve 

such an equation with the availability of boundary conditions.  

We will rely on substituting the numerical approximation of the second derivative of the 

function     relative to     and (   using Tyler's expansion , we substitute Eq.(9) and the 

Eq.(10) into        Eq. (17) to form :  
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In Eq.(18), we find the conversion of the nonlinear equation into a difference equation. 

When assuming that the grid is square, (h =k) and therefore Eq.(18) can be written as follows: 

                                     (    )
 
                                 

Eq.(19) can be written as follows: 

     
 

 
(                               (    )

 
)                           

We note that Eq.(20) is difficult to solve theoretically , So we will suffice to find the formula 

only and program it to obtain the required results. 

 

 An example showing the numerical solution of the nonlinear equation: 

Find the approximate numerical solution of the nonlinear equation: 
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For the rectangular     {                         } 

in relation to the function         at the boundary conditions: 
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Solution : 
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Fig.  5 The function         at the boundary conditions 

 

We notice in the boundary conditions that there are boundary conditions that are 

partial derivatives where: 
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We also find: 

                           

    
 

 
   

Substituting in Eq.(21) the value of (ε) and converting the nonlinear equation into a 

difference equation obtains: 
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Substituting Eq.(22) and  Eq.(23) into Eq.(24) results: 
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 )                                                           

 

Eq.(25) is the final formula. 

 

Practical example: 

Use finite difference methods to solve the following linear ellipse equation: 
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Under the following border conditions: 

                     ;                                                             

                     ;                                                                             

 

 

 

 

Solve the above equation in two ways: 

(a) Numerical method 

(b) Analytical method 

Solution (a): 
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Fig.6  The function         at the boundary conditions 

 

To find the solution we consider       .25    ,      .25  where we get :    
 

 
   

This leads to: 

              

Using Eq.(15) the equation of the five diagonal points: 

     
 

 
(                                   )    

We count :                                        

We get :       =       ,        =      ,       =0 ,        =0 ,        =0 

Using Eq.(13) the equation of the standard five points: 

     
 

 
(                           ) 

We count :                                

We get :       =       ,       =       ,       =       ,       =0 

Applying the equation of the five standard points to each of the internal points of the clamp, 

this generates a set of (9×9 ) linear equations: 
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After the following coding : 

 

Applying the Kaos Seidel method : 
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Where is ( n = 1 , 2 , 3 , … ) to evaluate and fix the initial values where the arithmetic 

iteration can continue to obtain the final results. 

Solution (b): 

In this way we substitute the value of both      in : 

                                             

This is by dividing the period [   ] where                 

As in Table (2) Results of the analytical method (b) . 

 

Tables : 

Table 1: Results of the numerical method (a) 

                          

   0 8.1662 11.5487 8.1662 0 

   0 3.8320 5.4193 3.8320 0 

   0 1.7425 2.4643 1.7425 0 

   0 0.6739 0.9530 0.6739 0 

   0 0 0 0 0 

 

Table 2: Results of the analytical method (b) 

                          

   0 8.1661 11.3487 8.1661 0 

   0 3.6967 5.22797 3.6967 0 

   0 1.6272 2.3013 1.6272 0 

   0 0.6143 0.8687 0.6143 0 

   0 0 0 0 0 

 

Table 3 :Comparison between numerical and analytical method when j=3 

                      

0 0 0 
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1.6272 1.7425 0.1153 

2.3013 2.4643 0.163 

1.6272 1.7426 0.1154 

0 0 0 

 

Table 4 :Numerical results of nonlinear Eq.(21) 

                          

   0 0 0 0 0 

   1 0.4285 0.1875 0.0714 0 

   1 0.5267 0.2499 0.0982 0 

   1 0.4284 0.1874 0.0714 0 

   1 0 0 0 0 

 

The shapes : 

1)        

Fig. 7  Comparison between numerical and analytical method when j=3                    

 

2)  

Fig. 8 The numerical solution using the numerical method of the nonlinear equation 

 

Conclusion 

Finite difference methods are a numerical method used to solve partial differential 

equations such as the linear and nonlinear ellipse equation. These methods are based on 

approximating partial derivatives using finite differences between grid points distributed 
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over the solution field   ، The linear ellipse equation using finite difference methods was 

converted from a partial differential equation into a system of linear algebraic equations. The 

accuracy of the solution depends on the size of the grid and the number of points used, and 

that the numerical solution is close to the real solution   ، The non-linear ellipse equation adds 

a level of complexity to the solution. Therefore, the initial values must be carefully chosen to 

ensure convergence to the correct solution. The accuracy of the solution depends on the size 

of the network and the number of points, but non-linear solutions may be more sensitive to 

these factors. 
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 ةة وغير الخطي  اقص الخطي  طرائق الفروقات المنتهية لحل معادلة القطع الن  

 
 حمذ حسنأ*، شهاب نىر حسين عبذالله

 ح انرزتٍح نهؼهٕو انصزفح، جايؼح انحًداٍَح، انؼزاققسى انزٌاضٍاخ، كهٍ  

                                                                      

 معلىمات البحث:  الخلاصة:
انؼددي نهًؼادلاخ انرفاضهٍح انجزئٍح يٍ َٕع انقطغ نى يؼزفح انحم إْدفد اندراسح 

انًؼادلاخ  ا نحم  كثز انطزق اسرطداي  أ انُٕػٍٍ انططً ٔيٍز انططً ٔيٍ انُاقص نكلا

انرفاضهٍح انجزئٍح طزٌقح انفزٔق انًُرٍٓح ٔانرً ذؼطً ذقدٌزاخ ذقزٌثٍح جٍدج يقارَح 

انؼددي ٔانرحهٍهً نًؼادنح انحقٍقً نهًسأنح. أٔضحد اندراسح تاسرطداو انحم  تانحم  

ٔذثٍٍ  لاتلاس كأحد إَٔاع انًؼادلاخ انرفاضهٍح انجزئٍح يٍ َٕع انقطغ انُاقص انططً. 

  ٌ ا انحم انؼددي أفضم يٍ انحم انرحهٍهً تسثة قدرذّ ػهى حم انًسائم انًؼقدج ػددٌ   أ

خ انرفاضهٍح ا اندراسح فً حم انًؼادلأْذا يا لا ًٌكٍ إذقاَّ تدقح فً انحم انرحهٍهً، أي  

ا، فقد اكرفٍد تإٌجاد انجزئٍح يٍ َٕع انقطغ انُاقص يٍز انططً انذي ٌصؼة حهّ َظزٌ  

َظاو ياذلاب لإٌجاد  انًطهٕتح، ٔاسرطدوانصٍغح فقظ ٔتزيجرٓا نهحصٕل ػهى انُرائج 

 .حم ْذِ انًؼادلاخ
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 الكلمات المفتاحية:

طزٌقح انفزٔقاخ انًُرٍٓح ، يؼادلاخ انقطغ 
ُاقص انططٍح ٔيٍز انططٍح ، انشثكح ان  

ُقاط انطًسح انقٍاسٍح ، انًزتؼح ، يؼادنح ان  
 يفكٕك ذاٌهز .

 معلىمات المؤلف

  الاًٌٍم:

noorhussain@uohamdaniya.edu.iq  

 9647+060210215 انًٕتاٌم:

 

 

 

 

 

 

mailto:noorhussain@uohamdaniya.edu.iq

