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Introduction:

The symbol for one among the most popular significant classes of nearly structures is W; @
W,, where W;and W, and similarly indicated by the naerly Kahler menifold and conformal
locdlly Kahler maniféld. Gray and Hervella[4] proved that W, U W, c W; @ W, many
properties of this subclass of the almost Hermitian structure linked closely with the
properties of nedrly Kohler and lécally conféormal Kadhler manifolds. On the other hand, the
manifold W; @ W, does not coincide with W;and W,.

Among the most significant topics in differential geometry to create the differential
geometrical structure synthesis is the almost Hermitian manifold (AH-manifold). In 1960,
Koto [14] gave his first attempts and found a relation which was almost identical to the Kahler
manifold and was considered as an entry to the manifold. In 1965 Gray[5], found an extreme
method to build certain examples from AH-manifold, So the research continued until 1980,
when Gray & Hervela released their most important results [6]. We have noticed most of the
studies of this object were done by the language of invariant Koszul [12], but the object will be
more suitable if it is studied by the method of adjoint G-structure by Kartan [9]. Kirichinko ,
who did a big change of this study ,when he found two new tensors, namely, structure and
virtual tensors [11]. Elham Mawlood Mouamed [2] in 2021 studied N Generalized
Conharmonic Curvature Tensor of the Locally Conformal Kahler Manifold. Ali Kalaf [1] in
2022, studied M-projective Curvature Tensor of Nearly Kahler Manifold. Finally, Yildirim &

263


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.54153/sjpas.2024.v6i1.799
mailto:ba4117063@gmail.com

Dirik [36] studied certain curvature tensors including the pseudo-projective on some contact
metric manifolds.

In this paper study projective tensor of Almost kdhler manifold (AK- manifold), & found some
components Projective of Almost Kahler. & proved that the manifold M is a flat holomorphic
sectional tensor of projective Almost Kahlar manifold & proved that the manifold M has J-
invariant Ricci tensor. Proved that (AK-manifold) M is kahler manifold. Finally, There exists
relation between Almost Kahlar manifold (AK-manifold) and Locally conférmal Kéhler
manifold (LCK-manifold) has been found.

Preliminaries

X(M) should be the smoéoth surface. M is avector field module. Let C*(M) represent an
operations set on M. "A set {M,],g =(.,.)}," "where M is" a 2n-dimensional "(n>1) smod6th"
manifold, is the manifold Hermitain (H M). J is an endomorphism of tengent space. Tp(M) ,
(Jp)?=jd g=(,.) Matric Reimann "on M (JZ,JW)="(Z,W);Z,W € Z(M)"[13]. The besis
"{e1 ....,eq ...Je; ....Jep}" is referred to as {J, g }; the new is constructed using this basis as
follows "{iy, ... 1ip, ... 1, ... 1n }"."Where i,=c(e,) and i,= G (e,)". The basis is referred to "almost
structure". The farmer's corresponding”{P, ... 15, ..., i ...,fl, . in}" This an A-frame".

"The indicators u, g, 1 and P in the vicinity" "1,...2n . The" We'll make use of the figures
"1,2,...k. Utilize" the indicators "{iz = ij,....i5 = i,}" "where a4 = a + n.than form can be used
to write" a-frame"{p,i; ...,y ...., 17, ...i5}". The fallowing Q-struct forms are ad joint by the
components matric of the complex structure y and f:

"((IX,IY>I})"="<\/__O““ e ) @)=, )’ (1)

"Where I, is the rank n unit matrix"[11].

Definition2.1 [9]
Almost Hermitical structure (AH-structure) on M is a pair of tensor{],g=<..>}, whereg
=<.,. > is a Riemannian metric and | is an almost complex structure, so that < JX, JY >=< X, Y>,

X, Y €X (M)

Theorem?2.2[7]
The arrangement of the AK-manifold structure equations in the adjoined Q-structure takes the
following forms:

1) do?® = 0 Aw® + B opAw;

2) dw, = —02AwpBapwPAwS;
3) dwlwiAwf + Biw Awg + BiqwAnd + (A2 + 2B2PB 4 )wiAw;
4) dBabc — Bﬁbcwd + Babcdwd _ Bdbcoo?1 + Badcwg + Badbwa;

Definition.2.3 [15]
A tensor of Riemannian R. for smooth menifold. M is four-covariant
tensor R:Lp(M)xLp(M)xLp(M)xLp(M) — R, as it characterized by
R[(S,T,U,V)] = (R(U,V)T,S)
R(S,Y)U = ([Vs,Vt] — V[ S, T])U,
Thatis S,Y, U,V € Lp(M), and meets each of follows criteria:
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a) R(S,T,U,V) = —R(T, S, U, V);

b) R(S, T, U, V) = —R(S, T, V, U);

©)R(S,T,U,V) =R(U,V,S,T);

d)R(S,T,U,V) + R(S,U,V,T) + R(S,V, T,U) = 0

Theorem 2.4[7]

The following forms are given for the elements of the NK-Riemann manifold's curvature
tensor in adjoined Q-structure space:

1- R%cd = 2Bgcd

2 — R4 = —4Bgapja) 3 — R34 = —2Bhy

4 — R%ca — —4Rlclabldl 5 _ R?Al _ZBcab

6 Rl = 2B 7 Rig = 28

8—Ri,y= 2Bdab 9 —R3 . = Bbd

10 - RZ;)cd =2B cab 11 - thi)ca = ZBathhbc - 4'Bdathbh + A%%
12 - bcd = 4B " Bypy, — Abg — 2B Bpyg

13 - Bca - 4Bdth Agg - 2Bbthhac 14 — Riéa = 4BthBhab
15— R2, = 2BP° hBhacl + APS — 4By, B°PP

16 — Rixd = 4BNaPBy 4.

Definition 2.5[1]
The adjoined Q-structure of almost manifold has J-invariant Recci, if and only if, r,, = rg = 0.

Main Results

Definition 3.1[10].

The projective manifold is defined as follows: it is a tensor of type (4,0) :

Bijii = Ryjra — % [riegj — gl  (3-1)

where Rjjy, ) and gjy are the Riemann tensor, Ricci tensor, and Riemann metric components,
respectively. This tensor has features that are comparable to those of Riemann curvature,

Pt = =Bt = —Pijixk = Puaj-

Definition3.2 [8]
The Hermitian manifold is a manifold of class in the adjacent Q-structure space:
R, ifand only if, Rapca = Rabea = Rapea = 0;

RZ if and only lf, Rabcd = Rﬁbcd = 0,
R3(RK-manifold) if and only if, R3pcqg = 0;

Definition3.3

The adjacent Q-structure space, the Almost manifold is a class manifold.:
AR, if and only if, Papcq = Pabed = Pageq = 05

AR, if and only if, Pypcq = Papeq = 0;

AR; if and only if, P4pcq = 0;

Proposition 3.4 [3]
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Let M be a random AH-manfiold, then AH-structure {J,g = <., .>} is:
1. Almost Kahler structure if and only if B3P = BS, =0, Blabc} — Babg = 0.

2. Kahler structure if and only if B2? = BS, = 0, B3¢ = B, = 0.

Theorem 3.5

The compounds of the Almost Kahler projective tensor the following forms provide in the
adjoined Q-structure:

Proof:
1) "Puti=a,j=bk=c",and"l =4d,"

"Pabcd = Rapeda — R [racgbd - rbcgad]
1
Pibca = 2Bla)lcd - Z(O) = 2Bf;cd'
2) "Puti=3,j=bk=c", and"l =d"
n 1 n
Pabca = Rabed = 5 [Tac8bd — I'nc8adl
1 1
Pabea = —4Bicjabld) — 5 [~Tbe8d] = —4Bicjabja) + 5~ [rbcal-
3) "Puti=a,j=b, k=c and 1 =d"
"Pchd = Ryped [rachd - chgad]"
b 1 b b 1
Paped = —2Bgea — n [_raC‘Sd] = —2Byq t on [rbCS?i]'
4) "Puti=a,j=b, k=¢ and 1 =d"

b,
1
2n

"Pabed = Rabed — % [Fae8bd — I'be8adl
Pabed = 2Bgap — i(O) = 2Byap -

5) "Puti=a,j=b, k=c""and 1 =d"

"Pabea = Rapea — % [Fac8ba — Tbc8aal”

Pabea = 2B cab — i [rac8f — roc8d].

6) "Puti=3,j=b,"k=¢c, and | =d"

"Pabed = Rapea — % [rac86a — 'bcBaal”

Papea = 4B"PBygc — - [ra8h — re83].

7) "Puti=a,j=bk==¢ andl = d"

"Pabed = Rabed — % [rae8bd — Tbe8aal”

Pabea = 4B Bapn — A — 2B*Bhpg — % [0 —r583]
Pabea = 4B“"Bapn — Ajg — 2B*"Bppg + % [ry8al-

8) "Puti=a,j=b, k=c and 1 =d"

"Pabcd = Rabed — % [Fac85a — I'5c8aal”

P = 4B B gy — ABY — 2BPNB . — [0 — r6q]

1
Papea = 4’Bdthcah - Agg - 2Bbthhac + 2n [rgsg]

Theorem3.6
Let the manifold M of Projective tensor of (AK-manifold),and M has J-invariant Recci tensor,
Then M is a holomorphic sectional.
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Proof:
Assume M is (AK-manifold), then
By theorem(3.5), we have

1
4BMB gy, — ALy — 2B Byypg + o [rp83]

1 1 1
4(5 (Ba"Bapn+B3 " Bgpn) — ARG — 2(5 (B*MBppg+ (B Bypq) + o [r563]

1 1
4(5 (B“@"Byph—B " Bgpn) — Ahg — (B**Bhpa—(B*Bhpa) + o [rp83] =0
Since M has J-invariant Ricci, then

1
o [ry83]1 =0
— A5 =00 Al5 =0

Hence, M is a flat holomorphic sectional.

Theorem3.7

Assume M is a manifold of Almost Kahlar,"then M has" J-invaiant "Ricci tensor”,
"Proof:"

"Suppose that M is" (AK-"manifold), then"

By theorem(3.5), we have

1
4BAMB gy — ALy — 2B Bypg + o [r563]

By theorem(3.6), we have

ac =0

bd
Hence

1

4B Bpn — 2B " Brpg + 5—[r583] = 0
contracting through the index (a,h), we deduce

1
o [r583] =0

1

2(2n)
contracting through the index (a,d), we have

(1583 -1355) = 0

1
- (r§83-1355) = 0

o (A —rady) =0

Antisymmetrizing and symmetries by the indices (a,c) we obtain
1. ¢y _ c _
4(rb) =0=r;=0

Therefore M has a J-invariant Ricci tensor.

Theorem3.8

Let M be a manifold of Almost Kahlar, Then M is Kahler
Proof:

Assume M is (AK-manifold), then

By theorem(3.5), we have
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1
4BMPByq — o [réSq — redy]

Symmetries and Antisymmetrizing "by the indices" "(c,b)" and (c,a) "we obtain”
4BMaPBy 4. =0

contracting through "the indices (a,d) , (b,c)", we have:

4BMaPBy ., =>"BMPBy ), = 0"

ghabBhab — o Z nlBhablz _ (e Bhab — g~

a,b,h

By Proposition (3,4) we have
Hence M is Kahler manifold.

Theorem 3.9

Let M be a manifold of Almost Kahlar, then M is a Locally conformal Kahler manifold (LCK-
manifold).

Proof:

Suppose that M is (AK-manifold), then

By theorem (3.5), we have

1
4B"°Bpgc — o— [r28] — o83

2n

Symmetries and Anti symmetrizing by the indices (c, b) and (c, a) we obtain
4BMaPBy 4. =0

contracting through the indexes (d,a) and (c,b), we get:
4BM4By 4. =B Byg. = 0

Hence

BBy gc = 0 = BhgcBhac = 0 = Z |Bhacl* =0 © Bpgc =0
h,d,c

Hence M is a Locally conformal Kahler.

Conclusions

1- Studied some components Projective of Almost Kahler.

2- To prove that the manifold M is a flat holomorphic sectional tensor of projective Almost
Kahlar manifold.

3- To prove that the manifold M has J-invariant Ricci tensor.

4- proved that (AK-manifold) M is kahler manifold.

5- There exists relation between Almost Kahlar manifold (AK-manifold) and Lacally
confermal Kahler manifold (LCK-manifeld).
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