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Introduction 
One of the most significant domains in present-day mathematics is functional analysis. It is 

fundamental to the theory of differential equations, representation theory, probability, and 

the investigation of a variety of distinctive properties of a variety of spaces. see[1-4]. 

Schweizer and Sklar [5] established the definition of a continuous triangular norm in 

1960. Zadeh [6] then presented the notion of fuzzy sets in 1965 and numerous 

mathematicians have studied this concept and obtained different main results from various 

points of view.  Authors in [7] produced the fuzzy metric space using the idea of fuzziness and 

the continuous t-norm. There have been numerous works published about fuzzy metric 

spaces; for examples, see references [8–11]. In a linear space, Katsaras introduced the fuzzy 

norm in 1984. Numerous studies have been conducted on Fn-spaces; see [12–16].  

On the other hand, fixed point theory provides a straightforward, effective, and practical 

method for nonlinear analysis. Additionally, it has beneficial applications in the disciplines of 

mathematics and other sciences (see [17-20]). As a consequence, this theory has drawn a 

http://creativecommons.org/licenses/by/4.0/
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significant number of researchers who are leading the theory's development in a variety of 

fields. 

In this paper, we employ the triangle property on fuzzy norms to show a CF-point in the 

context of Fn-space. In addition, certain applications of our key conclusions to the Fredholm 

integral equation are studied. Structurally, this paper involves the following: we begin with 

the fundamental terms utilized in the fuzzy context and the definition of fuzzy normed space. 

after that, we introduce the fuzzy norm's triangle property. This property is used to prove a 

CF-point theorem for contractive mappings in a Fn-space. In addition, we examine the 

existence and unique solution to Fredholm integral. Finally, the paper finished with a 

conclusion section. 

                                 

 Preliminaries 

In this part, we will go over certain terminology and results that will be used throughout 

the rest of the research. To begin, let's review some of the fundamental terms utilized in the 

fuzzy context. 

 

Definition 1[5]. A binary operation ⊛∶ [0, 1]  × [0, 1]  → [0, 1] is called t-norm if it fulfills 

the requirements below for all  𝔰, 𝑟, 𝑡, 𝜍 ∈ [0, 1],  

(i) 1 ⊛ 𝑟 = 𝑟,  

(ii) 𝑟 ⊛ 𝜍 = 𝜍 ⊛ 𝑟,  

(iii) 𝑟 ⊛ (𝑡 ⊛ 𝜍)  = (𝑟 ⊛ 𝑡)  ⊛ 𝜍 

(iv) If 𝑟 ≤ 𝜍 and 𝑡 ≤ 𝔰 then 𝑟 ⊛ 𝑡 ≤ 𝜍 ⊛ 𝔰. 

 

Definition 2 [21]. Let  L be a non-empty vector space over the field 𝔽 (ℂ 𝑜𝑟 ℝ). A    Fn-space 

is represented by the triplet (L, Ñ,⊛), where ⊛ is a continuous t-norm and Ñ  signify a fuzzy 

set on 𝐿 × ℝ fulfilling the requirements for each x, y ∈L: 

 

(1)Ñ(x, 0)  = 0, 

(2) Ñ(x, 𝜏)  = 1, ∀𝜏 > 0 if and only if x = 0, 

(3) Ñ(rx, 𝜏)  = Ñ(x, 𝜏/|r|), for each 0 ≠ r ∈ ℝ, 𝜏 ≥ 0 

(4) Ñ(x, 𝜏)  ⊛ Ñ(𝑦, 𝑠)  ≤ Ñ(x + 𝑦, 𝜏 + 𝑠), ∀𝜏, 𝑠 ≥ 0  

(5) Ñ(x, . )is left continuous for all x ∈ 𝐿,  and lim
𝜏→∞

Ñ(x, 𝜏)  = 1. 

 

Definition 3[22]. Let (L, Ñ,⊛) be a Fn-space. Then 

(1) a sequence {p𝑛} is termed as a convergent sequence if 𝑙𝑖𝑚
𝜏→∞

Ñ(p𝑛 − p, 𝜏) = 1 for each 

         𝜏 >  0 and p ∈  𝐿. 

(2) a sequence {p𝑛} is termed as a Cauchy if lim
𝑛→∞

Ñ(p𝑛+𝒿 −  p𝑛, 𝜏) =  1; for each 𝜏 > 0 and 

          𝒿 = 1,2, … 

 

Definition 4[22]. Let (L, Ñ,⊛) be a Fn-space. Then  (L, Ñ,⊛) is termed as complete if every 

     Cauchy sequence in 𝐿 is convergent in 𝐿.    
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Main Results :  
This section introduces the fuzzy norm's triangle property. This property is used to prove a CF-

point theorem for contractive mappings in a Fn-space. 

 

A point ҳ ∈  𝐿 is said to be a CF-point if a pair of self mappings (𝛤, 𝛬) on 𝐿 satisfy 𝛤ҳ = 𝛬ҳ = ҳ.  

 

Definition 5. Let (𝐿, 𝑁̃, ⊛) be a Fn-space. A fuzzy norm 𝑁̃ is called triangular if the condition 

holds: 

1

𝑁̃(ҳ − 𝓎, 𝜏)
− 1 ≤ (

1

𝑁̃(ҳ − 𝓏, 𝜏)
− 1) + (

1

𝑁̃(𝓎 − 𝓏, 𝜏)
− 1) 

for every  ҳ, 𝓎, 𝓏 ∈  𝐿 and 𝜏 > 0. 

 

Theorem 1. Suppose that (𝐿, 𝑁̃, ⊛) is fuzzy Banach space and 𝑁̃ is triangular. Let  𝛤, 𝛬: 𝐿 →  𝐿 

be self-mappings with 

 
1

𝑁̃(𝛤ҳ−𝛬𝓎,𝜏)
− 1 ≤ 𝜆1 ( 

1

𝑁̃(ҳ−𝓎,𝜏)
− 1) + 𝜆2 ( 

𝑁̃(ҳ−𝓎,𝜏)

𝑁̃(ҳ−𝛬𝓎,2𝜏)⊛𝑁̃(𝓎−𝛤ҳ,2𝜏)
− 1) 

                             +𝜆3 ( 
𝑁̃(ҳ−𝛤ҳ,𝜏)⊛𝑁̃(𝓎−𝛬𝓎,𝜏)

𝑁̃(ҳ−𝓎,𝜏)⊛𝑁̃(ҳ−𝛬𝓎,2𝜏)⊛𝑁̃(𝓎−𝛤ҳ,2𝜏)
− 1) 

                              +𝜆4 ( 
1

𝑁̃(ҳ−𝛤ҳ,𝜏)
− 1 +

1

𝑁̃(𝓎−𝛬𝓎,𝜏)
− 1)                                            …(1) 

for all ҳ, 𝓎 ∈ 𝐿, 𝜏 > 0, 𝜆1 ∈ (0,1) and  𝜆2, 𝜆3, 𝜆4 ≥ 0 with  𝜆1 +  𝜆2 +  𝜆3 + 2𝜆4 < 1. Then 𝛤 and 𝛬 

have a CF-point in 𝐿. 

 Proof: Fix ҳ° ∈ 𝐿 and generate a sequence of points in 𝐿 , 

ҳ2𝑗+1 = 𝛤ҳ2𝑗   

ҳ2𝑗+2 = 𝛬ҳ2𝑗+1   ,   𝑗 ≥ 0 

 

Then, 
1

𝑁̃(ҳ2𝑗+1 − ҳ2𝑗+2, 𝜏)
− 1 =

1

𝑁̃(𝛤ҳ2𝑗 − 𝛬ҳ2𝑗+1, 𝜏)
− 1 

                                          ≤ 𝜆1 ( 
1

𝑁̃(ҳ2𝑗−ҳ2𝑗+1,𝜏)
− 1) + 𝜆2 ( 

𝑁̃(ҳ2𝑗−ҳ2𝑗+1,𝜏)

𝑁̃(ҳ2𝑗−𝛬ҳ2𝑗+1,2𝜏)⊛𝑁̃(ҳ2𝑗+1−𝛤ҳ2𝑗,2𝜏)
− 1)   

+𝜆3 ( 
𝑁̃(ҳ2𝑗 − 𝛤ҳ2𝑗 , 𝜏) ⊛ 𝑁̃(ҳ2𝑗+1 − 𝛬ҳ2𝑗+1, 𝜏)

𝑁̃(ҳ2𝑗 − ҳ2𝑗+1, 𝜏) ⊛ 𝑁̃(ҳ2𝑗 − 𝛬ҳ2𝑗+1, 2𝜏) ⊛ 𝑁̃(ҳ2𝑗+1 − 𝛤ҳ2𝑗 , 2𝜏)
− 1) 

 +𝜆4 ( 
1

𝑁̃(ҳ2𝑗 − 𝛤ҳ2𝑗, 𝜏)
− 1 +

1

𝑁̃(ҳ2𝑗+1 − 𝛬ҳ2𝑗+1, 𝜏)
− 1) 

= 𝜆1 ( 
1

𝑁̃(ҳ2𝑗−ҳ2𝑗+1,𝜏)
− 1) + 𝜆2 ( 

𝑁̃(ҳ2𝑗−ҳ2𝑗+1,𝜏)

𝑁̃(ҳ2𝑗−ҳ2𝑗+2,2𝜏)⊛𝑁̃(ҳ2𝑗+1−ҳ2𝑗+1,2𝜏)
− 1)   

+𝜆3 ( 
𝑁̃(ҳ2𝑗 − ҳ2𝑗+1, 𝜏) ⊛ 𝑁̃(ҳ2𝑗+1 − ҳ2𝑗+2, 𝜏)

𝑁̃(ҳ2𝑗 − ҳ2𝑗+1, 𝜏) ⊛ 𝑁̃(ҳ2𝑗 − ҳ2𝑗+2, 2𝜏) ⊛ 𝑁̃(ҳ2𝑗+1 − ҳ2𝑗+1, 2𝜏)
− 1) 

 +𝜆4 ( 
1

𝑁̃(ҳ2𝑗 − ҳ2𝑗+1, 𝜏)
− 1 +

1

𝑁̃(ҳ2𝑗+1 − ҳ2𝑗+2, 𝜏)
− 1) 

=𝜆1 ( 
1

𝑁̃(ҳ2𝑗−ҳ2𝑗+1,𝜏)
− 1) + 𝜆2 ( 

𝑁̃(ҳ2𝑗−ҳ2𝑗+1,𝜏)

𝑁̃(ҳ2𝑗−ҳ2𝑗+2,2𝜏)
− 1)   + 𝜆3 ( 

𝑁̃(ҳ2𝑗−ҳ2𝑗+2,𝜏)

𝑁̃(ҳ2𝑗+1−ҳ2𝑗+2,2𝜏)
− 1) 

 +𝜆4 ( 
1

𝑁̃(ҳ2𝑗 − ҳ2𝑗+1, 𝜏)
− 1 +

1

𝑁̃(ҳ2𝑗+1 − ҳ2𝑗+2, 𝜏)
− 1) 
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Since 𝑁̃(ҳ2𝑗 − ҳ2𝑗+2, 2𝜏) ≥ 𝑁̃(ҳ2𝑗 − ҳ2𝑗+1, 𝜏) ⊛ 𝑁̃(ҳ2𝑗+1 − ҳ2𝑗+2, 𝜏)  for 𝜏 > 0, we have further  

1

𝑁̃(ҳ2𝑗+1 − ҳ2𝑗+2, 𝜏)
− 1 ≤ 𝜆1 ( 

1

𝑁̃(ҳ2𝑗 − ҳ2𝑗+1, 𝜏)
− 1) 

                                                 +𝜆2 ( 
𝑁̃(ҳ2𝑗 − ҳ2𝑗+1, 𝜏)

𝑁̃(ҳ2𝑗 − ҳ2𝑗+1, 𝜏) ⊛ 𝑁̃(ҳ2𝑗+1 − ҳ2𝑗+2, 𝜏)
− 1) 

                                              +𝜆3 ( 
𝑁̃(ҳ2𝑗−ҳ2𝑗+2,𝜏)

𝑁̃(ҳ2𝑗+1−ҳ2𝑗,𝜏)⊛𝑁̃(ҳ2𝑗−ҳ2𝑗+2,𝜏)
− 1) 

                                                +𝜆4 ( 
1

𝑁̃(ҳ2𝑗 − ҳ2𝑗+1, 𝜏)
− 1 +

1

𝑁̃(ҳ2𝑗+1 − ҳ2𝑗+2, 𝜏)
− 1) 

Following simplification, we arrive at: 
1

𝑁̃(ҳ2𝑗+1−ҳ2𝑗+2,𝜏)
− 1 ≤ 𝜗 ( 

1

𝑁̃(ҳ2𝑗−ҳ2𝑗+1,𝜏)
− 1)                                                       …(2) 

where 𝜗 =
𝜆1+ 𝜆3+𝜆4

1−  𝜆2− 𝜆4
< 1, since 𝜆2, 𝜆3, 𝜆4 ≥ 0 with  𝜆1 +  𝜆2 +  𝜆3 + 2𝜆4 < 1  

Similarly, 
1

𝑁̃(ҳ2𝑗+2 − ҳ2𝑗+3, 𝜏)
− 1 =

1

𝑁̃(𝛤ҳ2𝑗+1 − 𝛬ҳ2𝑗+2, 𝜏)
− 1 

                                          ≤ 𝜆1 ( 
1

𝑁̃(ҳ2𝑗+1−ҳ2𝑗+2,𝜏)
− 1) + 𝜆2 ( 

𝑁̃(ҳ2𝑗+1−ҳ2𝑗+2,𝜏)

𝑁̃(ҳ2𝑗+1−𝛬ҳ2𝑗+2,2𝜏)⊛𝑁̃(ҳ2𝑗+2−𝛤ҳ2𝑗+1,2𝜏)
− 1)   

+𝜆3 ( 
𝑁̃(ҳ2𝑗+1 − 𝛤ҳ2𝑗+1, 𝜏) ⊛ 𝑁̃(ҳ2𝑗+2 − 𝛬ҳ2𝑗+2, 𝜏)

𝑁̃(ҳ2𝑗+1 − ҳ2𝑗+2, 𝜏) ⊛ 𝑁̃(ҳ2𝑗+1 − 𝛬ҳ2𝑗+2, 2𝜏) ⊛ 𝑁̃(ҳ2𝑗+2 − 𝛤ҳ2𝑗+1, 2𝜏)
− 1) 

 +𝜆4 ( 
1

𝑁̃(ҳ2𝑗+1 − 𝛤ҳ2𝑗+1, 𝜏)
− 1 +

1

𝑁̃(ҳ2𝑗+2 − 𝛬ҳ2𝑗+2, 𝜏)
− 1) 

= 𝜆1 ( 
1

𝑁̃(ҳ2𝑗+1−ҳ2𝑗+2,𝜏)
− 1) + 𝜆2 ( 

𝑁̃(ҳ2𝑗+1−ҳ2𝑗+2,𝜏)

𝑁̃(ҳ2𝑗+1−ҳ2𝑗+3,2𝜏)⊛𝑁̃(ҳ2𝑗+2−ҳ2𝑗+2,2𝜏)
− 1)   

+𝜆3 ( 
𝑁̃(ҳ2𝑗+1 − ҳ2𝑗+2, 𝜏) ⊛ 𝑁̃(ҳ2𝑗+2 − ҳ2𝑗+3, 𝜏)

𝑁̃(ҳ2𝑗+1 − ҳ2𝑗+2, 𝜏) ⊛ 𝑁̃(ҳ2𝑗+1 − ҳ2𝑗+3, 2𝜏) ⊛ 𝑁̃(ҳ2𝑗+2 − ҳ2𝑗+2, 2𝜏)
− 1) 

 +𝜆4 ( 
1

𝑁̃(ҳ2𝑗+1 − ҳ2𝑗+2, 𝜏)
− 1 +

1

𝑁̃(ҳ2𝑗+2 − ҳ2𝑗+3, 𝜏)
− 1) 

=𝜆1 ( 
1

𝑁̃(ҳ2𝑗+1−ҳ2𝑗+2,𝜏)
− 1) + 𝜆2 ( 

𝑁̃(ҳ2𝑗+1−ҳ2𝑗+2,𝜏)

𝑁̃(ҳ2𝑗+1−ҳ2𝑗+3,2𝜏)
− 1)   + 𝜆3 ( 

𝑁̃(ҳ2𝑗+1−ҳ2𝑗+3,𝜏)

𝑁̃(ҳ2𝑗+2−ҳ2𝑗+3,2𝜏)
− 1) 

 +𝜆4 ( 
1

𝑁̃(ҳ2𝑗+1 − ҳ2𝑗+2, 𝜏)
− 1 +

1

𝑁̃(ҳ2𝑗+2 − ҳ2𝑗+3, 𝜏)
− 1) 

Since 𝑁̃(ҳ2𝑗+1 − ҳ2𝑗+3, 2𝜏) ≥ 𝑁̃(ҳ2𝑗+1 − ҳ2𝑗+2, 𝜏) ⊛ 𝑁̃(ҳ2𝑗+2 − ҳ2𝑗+3, 𝜏)  for 𝜏 > 0, we have 

further  

1

𝑁̃(ҳ2𝑗+2 − ҳ2𝑗+3, 𝜏)
− 1 ≤ 𝜆1 ( 

1

𝑁̃(ҳ2𝑗+1 − ҳ2𝑗+2, 𝜏)
− 1) 

       +𝜆2 ( 
𝑁̃(ҳ2𝑗+1 − ҳ2𝑗+2, 𝜏)

𝑁̃(ҳ2𝑗+1 − ҳ2𝑗+2, 𝜏) ⊛ 𝑁̃(ҳ2𝑗+2 − ҳ2𝑗+3, 𝜏)
− 1) 

       +𝜆3 ( 
𝑁̃(ҳ2𝑗+1−ҳ2𝑗+3,𝜏)

𝑁̃(ҳ2𝑗+2−ҳ2𝑗+1,𝜏)⊛𝑁̃(ҳ2𝑗+1−ҳ2𝑗+3,𝜏)
− 1) 

       +𝜆4 ( 
1

𝑁̃(ҳ2𝑗+1 − ҳ2𝑗+2, 𝜏)
− 1 +

1

𝑁̃(ҳ2𝑗+2 − ҳ2𝑗+3, 𝜏)
− 1) 

Following simplification, we arrive at: 
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1

𝑁̃(ҳ2𝑗+2−ҳ2𝑗+3,𝜏)
− 1 ≤ 𝜗 ( 

1

𝑁̃(ҳ2𝑗+1−ҳ2𝑗+2,𝜏)
− 1)                                                        …(3) 

for 𝜏 > 0 where 𝜗 =
𝜆1+ 𝜆3+𝜆4

1−  𝜆2− 𝜆4
< 1, since 𝜆2, 𝜆3, 𝜆4 ≥ 0 with  𝜆1 +  𝜆2 + 𝜆3 + 2𝜆4 < 1  

Now, by induction and using (2) and (3), we obtain 

1

𝑁̃(ҳ2𝑗+2 − ҳ2𝑗+3, 𝜏)
− 1 ≤ 𝜗 ( 

1

𝑁̃(ҳ2𝑗+1 − ҳ2𝑗+2, 𝜏)
− 1) 

                                        ≤ 𝜗2 ( 
1

𝑁̃(ҳ2𝑗 − ҳ2𝑗+1, 𝜏)
− 1) 

                                                                   ⋮ 

                                      ≤ 𝜗2𝑗+2 ( 
1

𝑁̃(ҳ° − ҳ1, 𝜏)
− 1) 

Accordingly, 

𝑙𝑖𝑚
𝑗→∞

𝑁̃(ҳ2𝑗+1 − ҳ2𝑗+2, 𝜏) = 1 , for 𝜏 > 0.                                                         …(4) 

                                                             

Because  𝑁̃ is triangular, it follows that we may conclude, 

1

𝑁̃(ҳ𝑗 − ҳ𝑘, 𝜏)
− 1 ≤ (

1

𝑁̃(ҳ𝑗 − ҳ𝑗+1, 𝜏)
− 1) + (

1

𝑁̃(ҳ𝑗+1 − ҳ𝑗+2, 𝜏)
− 1) 

                                  + ⋯ (
1

𝑁̃(ҳ𝑘−1 − ҳ𝑘, 𝜏)
− 1) 

≤ (𝜗𝑗 + 𝜗𝑗+1 + ⋯ + 𝜗𝑘−1) ( 
1

𝑁̃(ҳ° − ҳ1, 𝜏)
− 1) 

≤
𝜗𝑗

1−𝜗𝑗 ( 
1

𝑁̃(ҳ°−ҳ1,𝜏)
− 1) → 0  as 𝑗 → 0 

Consequently {ҳ𝑗} is cauchy sequence in 𝐿. 

 

Now because  𝐿 is complete, then 𝓎1 ∈ 𝐿 exists with  

𝑙𝑖𝑚
𝑗→∞

𝑁̃(ҳ2𝑗+1 − 𝓎1, 𝜏) = 1 , for 𝜏 > 0.                                                              …(5) 

 

Now, to show that 𝛬𝓎1 = 𝓎1.  
1

𝑁̃(𝓎1−𝛬𝓎1,𝜏)
− 1 ≤ (

1

𝑁̃(𝓎1−ҳ2𝑗+1,𝜏)
− 1) + (

1

𝑁̃(ҳ2𝑗+1−𝛬𝓎1,𝜏)
− 1)                                …(6) 

for 𝜏 > 0. By (1), (4), and (5) we have, 

(
1

𝑁̃(ҳ2𝑗+1 − 𝛬𝓎1, 𝜏)
− 1) =

1

𝑁̃(𝛤ҳ2𝑗 − 𝛬𝓎1, 𝜏)
 

                                                        ≤ 𝜆1 ( 
1

𝑁̃(ҳ2𝑗 − 𝓎1, 𝜏)
− 1) 

 +𝜆2 ( 
𝑁̃(ҳ2𝑗−𝓎1,𝜏)

𝑁̃(ҳ2𝑗−𝛬𝓎1,2𝜏)⊛𝑁̃(𝓎1−𝛤ҳ2𝑗,2𝜏)
− 1) 

                                                 +𝜆3 ( 
𝑁̃(ҳ2𝑗−𝛤ҳ2𝑗,𝜏)⊛𝑁̃(𝓎1−𝛬𝓎1,𝜏)

𝑁̃(ҳ2𝑗−𝓎1,𝜏)⊛𝑁̃(ҳ2𝑗−𝛬𝓎1,2𝜏)⊛𝑁̃(𝓎1−𝛤ҳ2𝑗,2𝜏)
− 1) 

                          +𝜆4 ( 
1

𝑁̃(ҳ2𝑗 − 𝛤ҳ2𝑗 , 𝜏)
− 1 +

1

𝑁̃(𝓎1 − 𝛬𝓎1, 𝜏)
− 1) 
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                                                        = 𝜆1 ( 
1

𝑁̃(ҳ2𝑗 − 𝓎1, 𝜏)
− 1) 

 +𝜆2 ( 
𝑁̃(ҳ2𝑗−𝓎1,𝜏)

𝑁̃(ҳ2𝑗−𝛬𝓎1,2𝜏)⊛𝑁̃(𝓎1−ҳ2𝑗+1,2𝜏)
− 1) 

                                                 +𝜆3 ( 
𝑁̃(ҳ2𝑗−ҳ2𝑗+1,𝜏)⊛𝑁̃(𝓎1−𝛬𝓎1,𝜏)

𝑁̃(ҳ2𝑗−𝓎1,𝜏)⊛𝑁̃(ҳ2𝑗−𝛬𝓎1,2𝜏)⊛𝑁̃(𝓎1−ҳ2𝑗+1,2𝜏)
− 1) 

                          +𝜆4 ( 
1

𝑁̃(ҳ2𝑗 − ҳ2𝑗+1, 𝜏)
− 1 +

1

𝑁̃(𝓎1 − 𝛬𝓎1, 𝜏)
− 1) 

Since 𝑁̃(ҳ2𝑗 − 𝛬𝓎1, 2𝜏) ≥ 𝑁̃(ҳ2𝑗 − 𝓎1, 𝜏) ⊛ 𝑁̃(𝓎1 − 𝛬𝓎1, 𝜏) for 𝜏 > 0 then 

(
1

𝑁̃(ҳ2𝑗+1 − 𝛬𝓎1, 𝜏)
− 1) ≤ 𝜆1 ( 

1

𝑁̃(ҳ2𝑗 − 𝓎1, 𝜏)
− 1) 

 +𝜆2 ( 
𝑁̃(ҳ2𝑗−𝓎1,𝜏)

𝑁̃(ҳ2𝑗−𝓎1,𝜏)⊛𝑁̃(𝓎1−𝛬𝓎1,𝜏)⊛𝑁̃(𝓎1−ҳ2𝑗+1,2𝜏)
− 1) 

                                                 +𝜆3 ( 
𝑁̃(ҳ2𝑗−ҳ2𝑗+1,𝜏)⊛𝑁̃(𝓎1−𝛬𝓎1,𝜏)

𝑁̃(ҳ2𝑗−𝓎1,𝜏)⊛𝑁̃(ҳ2𝑗−𝓎1,𝜏)⊛𝑁̃(𝓎1−𝛬𝓎1,𝜏)⊛𝑁̃(𝓎1−ҳ2𝑗+1,2𝜏)
− 1) 

                          +𝜆4 ( 
1

𝑁̃(ҳ2𝑗 − ҳ2𝑗+1, 𝜏)
− 1 +

1

𝑁̃(𝓎1 − 𝛬𝓎1, 𝜏)
− 1) 

                                                  → (𝜆2 + 𝜆4)(
1

𝑁̃(𝓎1−𝛬𝓎1,𝜏)
− 1) as 𝑗 → ∞ 

Then, 

𝑙𝑖𝑚
𝑗→∞

𝑠𝑢𝑝 (
1

𝑁̃(ҳ2𝑗+1 − 𝛬𝓎1, 𝜏)
− 1) ≤ (𝜆2 + 𝜆4)(

1

𝑁̃(𝓎1 − 𝛬𝓎1, 𝜏)
− 1) 

By (5) and (6) obtain 

(
1

𝑁̃(𝓎1 − 𝛬𝓎1, 𝜏)
− 1) ≤ (𝜆2 + 𝜆4)(

1

𝑁̃(𝓎1 − 𝛬𝓎1, 𝜏)
− 1) 

Note that 𝜆2 + 𝜆4 < 1 because  𝜆2, 𝜆3, 𝜆4 ≥ 0 with  𝜆1 +  𝜆2 +  𝜆3 + 2𝜆4 < 1. Then, 

𝑁̃(𝓎1 − 𝛬𝓎1, 𝜏) = 1 

Therefore 𝛬𝓎1 = 𝓎1. Likewise, we can show that 𝛤𝓎1 = 𝓎1. 

Since 𝑁̃ is triangular, 
1

𝑁̃(𝓎1−𝛤𝓎1,𝜏)
− 1 ≤ (

1

𝑁̃(𝓎1−ҳ2𝑗+2,𝜏)
− 1) + (

1

𝑁̃(ҳ2𝑗+2−𝛤𝓎1,𝜏)
− 1)                           …(7) 

By (1),(4), and (5) for 𝜏 > 0, 

 (
1

𝑁̃(ҳ2𝑗+2−𝛤𝓎1,𝜏)
− 1) = (

1

𝑁̃(𝛤𝓎1−𝛬ҳ2𝑗+1,𝜏)
− 1) 

                                            ≤ 𝜆1 ( 
1

𝑁̃(𝓎1 − ҳ2𝑗+1, 𝜏)
− 1) 

                                       +𝜆2 ( 
𝑁̃(𝓎1−ҳ2𝑗+1,𝜏)

𝑁̃(𝓎1−𝛬ҳ2𝑗+1,2𝜏)⊛𝑁̃(ҳ2𝑗+1−𝛤𝓎1,2𝜏)
− 1) 

                                       +𝜆3 ( 
𝑁̃(𝓎1−𝛤𝓎1,𝜏)⊛𝑁̃(ҳ2𝑗+1−𝛬ҳ2𝑗+1,𝜏)

𝑁̃(𝓎1−ҳ2𝑗+1,𝜏)⊛𝑁̃(𝓎1−𝛬ҳ2𝑗+1,2𝜏)⊛𝑁̃(ҳ2𝑗+1−𝛤𝓎1,2𝜏)
− 1) 

             +𝜆4 ( 
1

𝑁̃(𝓎1 − 𝛤𝓎1, 𝜏)
− 1 +

1

𝑁̃(ҳ2𝑗+1 − 𝛬ҳ2𝑗+1, 𝜏)
− 1) 

 

                                          = 𝜆1 ( 
1

𝑁̃(𝓎1 − ҳ2𝑗+1, 𝜏)
− 1) 
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                                       +𝜆2 ( 
𝑁̃(𝓎1−ҳ2𝑗+1,𝜏)

𝑁̃(𝓎1−ҳ2𝑗+2,2𝜏)⊛𝑁̃(ҳ2𝑗+1−𝛤𝓎1,2𝜏)
− 1) 

                                       +𝜆3 ( 
𝑁̃(𝓎1−𝛤𝓎1,𝜏)⊛𝑁̃(ҳ2𝑗+1−ҳ2𝑗+2,𝜏)

𝑁̃(𝓎1−ҳ2𝑗+1,𝜏)⊛𝑁̃(𝓎1−ҳ2𝑗+2,2𝜏)⊛𝑁̃(ҳ2𝑗+1−𝛤𝓎1,2𝜏)
− 1) 

                                            +𝜆4 ( 
1

𝑁̃(𝓎1 − 𝛤𝓎1, 𝜏)
− 1 +

1

𝑁̃(ҳ2𝑗+1 − ҳ2𝑗+2, 𝜏)
− 1) 

 

Since 𝑁̃(ҳ2𝑗+1 − 𝛤𝓎1, 2𝜏) ≥ 𝑁̃(ҳ2𝑗+1 − 𝓎1, 𝜏) ⊛ 𝑁̃(𝓎1 − 𝛤𝓎1, 𝜏) then, 

(
1

𝑁̃(ҳ2𝑗+2 − 𝛤𝓎1, 𝜏)
− 1) ≤ 𝜆1 ( 

1

𝑁̃(𝓎1 − ҳ2𝑗+1, 𝜏)
− 1) 

                                       +𝜆2 ( 
𝑁̃(𝓎1−ҳ2𝑗+1,𝜏)

𝑁̃(𝓎1−ҳ2𝑗+2,2𝜏)⊛𝑁̃(ҳ2𝑗+1−𝓎1,𝜏)⊛𝑁̃(𝓎1−𝛤𝓎1,𝜏)
− 1) 

                                       +𝜆3 ( 
𝑁̃(𝓎1−𝛤𝓎1,𝜏)⊛𝑁̃(ҳ2𝑗+1−ҳ2𝑗+2,𝜏)

𝑁̃(𝓎1−ҳ2𝑗+1,𝜏)⊛𝑁̃(𝓎1−ҳ2𝑗+2,2𝜏)⊛𝑁̃(ҳ2𝑗+1−𝓎1,𝜏)⊛𝑁̃(𝓎1−𝛤𝓎1,𝜏)
− 1) 

                                            +𝜆4 ( 
1

𝑁̃(𝓎1 − 𝛤𝓎1, 𝜏)
− 1 +

1

𝑁̃(ҳ2𝑗+1 − ҳ2𝑗+2, 𝜏)
− 1) 

                                        → (𝜆2 + 𝜆4)(
1

𝑁̃(𝓎1−𝛤𝓎1,𝜏)
− 1) as 𝑗 → ∞ 

Then, 

𝑙𝑖𝑚
𝑗→∞

𝑠𝑢𝑝 (
1

𝑁̃(ҳ2𝑗+2 − 𝛤𝓎1, 𝜏)
− 1) ≤ (𝜆2 + 𝜆4)(

1

𝑁̃(𝓎1 − 𝛤𝓎1, 𝜏)
− 1) 

By (7) and (5) obtain 

(
1

𝑁̃(𝓎1 − 𝛤𝓎1, 𝜏)
− 1) ≤ (𝜆2 + 𝜆4)(

1

𝑁̃(𝓎1 − 𝛤𝓎1, 𝜏)
− 1) 

Note that 𝜆2 + 𝜆4 < 1 because  𝜆2, 𝜆3, 𝜆4 ≥ 0 with  𝜆1 +  𝜆2 +  𝜆3 + 2𝜆4 < 1. Then, 

𝑁̃(𝓎1 − 𝛤𝓎1, 𝜏) = 1 

Therefore 𝛤𝓎1 = 𝓎1. Consequently, 𝓎1 is a CF-point of 𝛤 and 𝛬. 

 

Example 1.  Let ⊛  be a binary operation specified by 𝜇 ⊛ 𝜎 =  𝜎 ⊛ 𝜇, ∀𝜇, 𝜎 ∈  [0,1]. 

Consider fuzzy norm Ñ: Υ × (0, ∞) → [0,1]  represented in the following way: 

 

Ñ(ҳ, 𝜏) =
𝜏

𝜏+‖ҳ‖
 for all ҳ ∈ Υ and 𝜏 > 0 where‖ҳ‖ = |ҳ(𝑡)| 

Let Γ, Λ: Υ → Υ specified by  

    Γ𝓍(𝑡) = {

2𝓍

5
+

1

10
  𝑖𝑓 𝓍 ∈ [0,1]

3𝓍

4
+ 3    𝑖𝑓 𝓍 ∈ (1, ∞)

       

Λ𝓎(𝑡) = {

2𝓎

5
+

1

10
  𝑖𝑓 𝓎 ∈ [0,1]

2𝓎

7
+

60

7
    𝑖𝑓 𝓎 ∈ (1, ∞)

 

Let  𝓍, 𝓎 ∈ Υ, we have 

 
1

Ñ(Γҳ(𝑡)−Λ𝓎(𝑡),𝜏)
− 1 =

|Γҳ(𝑡)−Λ𝓎(𝑡)|

𝜏
  

                           =
|
2𝓍

5
+

1

10
  −(

2𝓎

5
+

1

10
) |

𝜏
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                            =
|
2𝓍
5

−
2𝓎
5

|

𝜏
 

                            ≤
2

5

|ҳ(𝓈)−𝓎(𝓈)|

𝜏
       

                             = 
2

5
(

1

Ñ(ҳ(𝑡)−𝓎(𝑡),𝜏)
− 1) 

Thus, the operators Γ and Λ  meet the requirements of Theorem 1 with 𝜆1 =
2

5
∈ (0,1) and 

  𝜆2 =   𝜆3 =   𝜆4 = 0 in (1). Then Γ and Λ have a CF-point in Υ 

 

Corollary 1: Assume that (𝐿, 𝑁̃, ⊛) is a fuzzy Banach space and 𝑁̃ is triangular. Let  𝛤, 𝛬: 𝐿 →  𝐿 

be a self-mapping with 

 
1

𝑁̃(𝛤ҳ−𝛬𝓎,𝜏)
− 1 ≤ 𝜆1 ( 

1

𝑁̃(ҳ−𝓎,𝜏)
− 1) + 𝜆2 ( 

𝑁̃(ҳ−𝓎,𝜏)

𝑁̃(ҳ−𝛬𝓎,2𝜏)⊛𝑁̃(𝓎−𝛤ҳ,2𝜏)
− 1) 

                              +𝜆4 ( 
1

𝑁̃(ҳ−𝛤ҳ,𝜏)
− 1 +

1

𝑁̃(𝓎−𝛬𝓎,𝜏)
− 1)                                            

for all ҳ, 𝓎 ∈ 𝐿, 𝜏 > 0, 𝜆1 ∈ (0,1) and  𝜆2, 𝜆4 ≥ 0 with  𝜆1 +  𝜆2 +  2𝜆4 < 1. Then 𝛤 and 𝛬 possess 

a unique CF-point in 𝐿.  

 

Proof: 𝓎1 is a CF-point of 𝛤 and 𝛬  such that 𝛤𝓎1 =  𝛬𝓎1 = 𝓎1  as shown by the Theorem 1 

proof. For uniqueness, let ҳ1 be another CF-point of 𝛤 and 𝛬  in 𝐿 such that 𝛤ҳ1 =  𝛬ҳ1 = ҳ1. 

Then, 

 
1

𝑁̃(ҳ1 − 𝓎1, 𝜏)
− 1 =

1

𝑁̃(𝛤ҳ1 − 𝛬𝓎1, 𝜏)
− 1      

                            ≤ 𝜆1 ( 
1

𝑁̃(ҳ1−𝓎1,𝜏)
− 1) + 𝜆2 ( 

𝑁̃(ҳ1−𝓎1,𝜏)

𝑁̃(ҳ1−𝛬𝓎1,2𝜏)⊛𝑁̃(𝓎1−𝛤ҳ1,2𝜏)
− 1) 

                                    +𝜆4 ( 
1

𝑁̃(ҳ1 − 𝛤ҳ1, 𝜏)
− 1 +

1

𝑁̃(𝓎1 −  𝛬𝓎1, 𝜏)
− 1) 

Since  𝑁̃(𝓎1 − 𝛤ҳ1, 2𝜏) ≥ 𝑁̃(𝓎1 − ҳ1, 𝜏) ⊛ 𝑁̃(ҳ1 − 𝛤ҳ1, 𝜏) 

                                    = 𝑁̃(𝓎1 − ҳ1, 𝜏) ⊛ 1 

                                    =𝑁̃(𝓎1 − ҳ1, 𝜏) 

and 

            𝑁̃(ҳ1 − 𝛬𝓎1, 2𝜏) ≥ 𝑁̃(ҳ1 − 𝓎1, 𝜏) ⊛ 𝑁̃(𝓎1 − 𝛬𝓎1, 𝜏) 

                                    = 𝑁̃(ҳ1 − 𝓎1, 𝜏) ⊛ 1 

                                    =𝑁̃(ҳ1 − 𝓎1, 𝜏) 

Consequently, 
1

𝑁̃(ҳ1−𝓎1,𝜏)
− 1   ≤ 𝜆1 ( 

1

𝑁̃(ҳ1−𝓎1,𝜏)
− 1) + 𝜆2 ( 

𝑁̃(ҳ1−𝓎1,𝜏)

𝑁̃(ҳ1−𝓎1,𝜏)⊛𝑁̃(𝓎1−ҳ1,𝜏)
− 1) 

       

                                 +𝜆4 ( 
1

𝑁̃(ҳ1 − ҳ1, 𝜏)
− 1 +

1

𝑁̃(𝓎1 − 𝓎1, 𝜏)
− 1) 

           = (𝜆1 + 𝜆2) ( 
1

𝑁̃(ҳ1−𝓎1,𝜏)
− 1) 

          = (𝜆1 + 𝜆2) ( 
1

𝑁̃(𝛤ҳ1−𝛬𝓎1,𝜏)
− 1) 

          ≤ (𝜆1 + 𝜆2)2 ( 
1

𝑁̃(ҳ1−𝓎1,𝜏)
− 1) 

          ⋮ 
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          ≤ (𝜆1 + 𝜆2)𝑗 ( 
1

𝑁̃(ҳ1−𝓎1,𝜏)
− 1) 

        → 0  as 𝑗 → ∞ 

since 𝜆1 + 𝜆2 < 1, therefore 𝑁̃(ҳ1 − 𝓎1, 𝜏) = 1. Hence ҳ1 = 𝓎1 for 𝜏 > 0. 

 

 

Applications:  
As an application of Theorem 1, we examine the existence and unique solution to Fredholm 

integral equations in this section. Consider the space Υ = 𝐶([0, 𝑎], ℝ) which represents the 

space of all real-valued continuous functions on the interval [0, 𝑎], where 0 < 𝑎 ∈ ℝ.  

 

The Fredholm integral equations are 

ҳ(𝑡) = ∫ ƒ1(𝑡, 𝓈, ҳ(𝓈))
𝑎

0
𝑑𝓈                                                                                       ...(8) 

 

ҳ(𝑡) = ∫ ƒ2(𝑡, 𝓈, ҳ(𝓈))
𝑎

0
𝑑𝓈                                                       

where 𝑡 ∈ [0, 𝑎] and ƒ: [0, 𝑎] × [0, 𝑎] × ℝ ⟶ ℝ. The binary operation ⊛ is specified by 𝜇 ⊛

𝜎 =  𝜎 ⊛ 𝜇, ∀𝜇, 𝜎 ∈  [0, 𝑎]. The standard fuzzy norm Ñ: Υ × (0, ∞) → [0,1]  represented in the 

following way: 

 

Ñ(ҳ, 𝜏) =
𝜏

𝜏+ℵ(ҳ)
 for all ҳ ∈ Υ and 𝜏 > 0 where ℵ(ҳ) = ‖ҳ‖ = |ҳ(𝑡)|. 

 

Theorem 2: Suppose that 

(i) there is a function  h: [0, 𝑎] × [0, 𝑎] ⟶ [0, ∞) which is continuous and 𝜆1 ∈ (0,1) such that 

for all ҳ, 𝓎 ∈ Υ we have 

|ƒ1(𝑡, 𝓈, ҳ(𝓈)) − ƒ2(𝑡, 𝓈, 𝓎(𝓈))| ≤ 𝜆1 h(𝑡, 𝓈)|ҳ(𝓈) − 𝓎(𝓈)|                            

 (ii) ∫ h(𝑡, 𝓈)𝑑
𝑎

0
𝓈 ≤ 1 

 

Then equation(8) possesses a unique solution in Υ. 

Proof :  

Let Γ, Λ: Υ → Υ specified by  

    Γ𝓍(𝑡) = ∫ ƒ1(𝑡, 𝓈, ҳ(𝓈))𝑑𝓈 
𝑎

0

       

Λ𝓍(𝑡) = ∫ ƒ2(𝑡, 𝓈, ҳ(𝓈))𝑑𝓈 
𝑎

0

 

Let  𝓍, 𝓎 ∈ Υ, we have 
1

Ñ(Γҳ(𝑡)−Λ𝓎(𝑡),𝜏)
− 1 =

|Γҳ(𝑡)−Λ𝓎(𝑡)|

𝜏
  

                           =
|∫ ƒ1(𝑡,𝓈,ҳ(𝓈))𝑑𝓈 

𝑎
0   −∫ ƒ2(𝑡,𝓈,𝓎(𝓈))𝑑𝓈 

𝑎
0  |

𝜏
 

                             ≤
∫ |ƒ1(𝑡, 𝓈, ҳ(𝓈)) − ƒ2(𝑡, 𝓈, 𝓎(𝓈))|𝑑𝓈

𝑎

0

𝜏
 

                             ≤
∫ 𝜆1 h(𝑡,𝓈)|ҳ(𝓈)−𝓎(𝓈)|𝑑𝓈

𝑎
0

𝜏
 

                                  ≤ 𝜆1 
|ҳ(𝓈)−𝓎(𝓈)|

𝜏
∫ h(𝑡, 𝓈)

𝑎

0
𝑑𝓈  
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                                 ≤ 𝜆1 

|ҳ(𝓈) − 𝓎(𝓈)|

𝜏
 

                             = 𝜆1 (
1

Ñ(ҳ(𝑡)−𝓎(𝑡),𝜏)
− 1) 

Thus, the operators Γ meet the requirements of Theorem 1 with 𝜆1 ∈ (0,1) and   𝜆2 =   𝜆3 =

  𝜆4 = 0 in (1). Then Γ and Λ have a CF-point in Υ. 

 

 

 

Conclusions 

 We introduce the triangle property on a fuzzy norm in this study and then use it to show 

the CF-point theorems in Fn-space. In addition to the above, we extended our results to the 

Fredholm equation to demonstrate the existence of an integral equation solution within the 

framework of Fn- spaces. It is a fascinating open problem to discover solutions to other kinds 

of equations on Fn-spaces.  
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 نظريات النقطة الصامدة المشتركة في الفضاء المعياري الضبابي

 2بثينة عبد الحسن أحمد*، 1 رغد ابراهيم صبري
 الجامعة التكنولوجية، العراقالعلوم التطبيقية،  قسم، فرع الرياضيات وتطبيقات الحاسوب -1

 بغداد، العراقجامعة  كلية العلوم، ،قسم الرياضيات -2

 معلومات البحث:   الخلاصة:

موضوعًا مثيرًا للاهتمام وله العديد من التطبيقات في  صامدةتعتبر نظرية النقطة ال

طرقاً  صامدةالعديد من فروع الرياضيات. بالإضافة إلى ذلك، توفر نظرية النقطة ال

مفيدة لحل المشكلات والتي يمكن استخدامها عبر العديد من المجالات الفرعية للتحليل 

نفسها والتي، في  الى Xللمجموعة  f الدالةب صامدةالرياضي. تهتم نظريات النقطة ال

. في هذا f(x)=xبحيث  x∈X، أي نقطة  صامدةظل ظروف معينة، تسمح بنقطة 

( Fn-space) ضبابيعلى الفضاء المعياري الالبحث، نستخدم خاصية المثلث 

. أولاً، نراجع بعض استمرارية( بدون CF-pointمشتركة ) صامدةلإظهار نقطة 

. بعد ذلك يتم إعطاء فكرة ضبابيالمصطلحات الأساسية المستخدمة في السياق ال

في  CFلها نقطة  Λو  Γالذاتية  دوالثم نثبت أن ال الخاصية المثلثية للمعيار الضبابي

. بالإضافة إلى ذلك، تم دراسة بعض تطبيقات نتائجنا الرئيسية Fn-spaceإعداد 
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