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 Various definitions of the pre-𝓋-open set, also known as a 𝓋-open 
set, are described in this article. The purpose of this work is to 
investigate the pre-𝓋-open set's characteristics, as well as how they 
relate to other types of open sets. Additionally, there is a connection 
between the open set in a 𝓋 -open set in the universal set 𝑋 and the 
open set., pre-open set, as well as their opposite via instances.  The 
study examines the relationship between the type pre-v-open set, v −
open set, 𝑝𝑟-open set, and the intersection of τk for all 𝑘 in 𝐽. It also 
investigates the qualities and essential theorems, as well as the 
criteria for the new types of 𝑝𝑟- 𝓋 -open set. This study focuses on 
analyzing the properties of 𝑝𝑟𝓋-𝛽𝓋--open sets and their relationship 
with 𝑝𝑟𝓋-open, 𝓋-open sets, and the intersection of τk for all 𝑘 in 𝐽. 
Additionally, examples will be used to illustrate the construction of 
their converse. 
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Introduction:  
 Many researchers presented studies on the subject of our study and made 

generalizations regarding this study, and we mention them, for example, but not limited to, 

this survey article will cover the majority of current pre-open sets research as a particular 

sort of generalized topology (top.) on 𝑋, Mooakher et al. present a technique to extract the 

collection 𝑃𝑂(𝑋) of all 𝑝𝑟-open sets of the top. space (𝑋) from 𝜏[2], Sathishmohan et al. 

explore the characteristics of nano-pre setups. Additionally, we have obtained some of their 

fundamental findings and provided pertinent examples to help people comprehend abstract 

ideas. [6], the researcher's Jun et al. in 2008 presented an applied study about pre-open sets 

[3]; supra pre-open sets and supra pre-continuous maps are a new type of sets and maps, 

respectively, that belong to the category of the top. spaces, are developed and researched, it 

was Sayed in a 2010 study [1], In tri top. spaces, Tapi et al. offer two new forms of open sets, 

namely tri semi-open sets and tri pre-open sets, together with their various features and 

characterization [4], in 2017 introduce Rao and Srinivasa paper goal is to expand on some 

other top.-related subjects in neutrosophic top.[5]. 

The researcher Mashhour presented open sets of the 𝑝𝑟 type for the first time in 1983 [8], 

after that’s this type of sets was studied and expanded in studies, Subsequently the researcher 

Zaman presented in 2022 the study of 𝓋-space. As for what we are about to do, it is to form a 

http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.54153/sjpas.2024.v6i4.629
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merger between them and explain the properties of the resulting sets, that's  we will call 𝑝𝑟𝓋-

open. 

1- Preliminaries 

1.1.Definition: [9] A subset A of a space is considered to be a pre-open set if 𝒜 is contained 

within the interior of the closure of A. The complement of a pre-open set is considered to be a 

pre-closed set. 

1.2.Definition: [9] In the context of top. spaces (X, τ), a point 𝑎 ∈ 𝒜 is referred to as The 

interior of set 𝒜 in 𝑋 is defined as the set of all elements an in 𝒜 for that's  there exists an 

open set 𝑈𝑥 in the family τ such that an is an element of 𝑈𝑥 and 𝑈𝑥 is a subset of 𝒜. In other 

words, the interior of A is the union of all open sets that contain 𝒜, denoted as 𝒜𝑜 equal 

union The set 𝑂 is an open set and it is a subset of 𝒜. 

1.3.Definition: [8] Consider a top. space (X, τ) and let 𝒜 be a subset of 𝑋. The border of set 𝒜 

is defined as the collection of points that are neither part of the interior nor the exterior of A. 

It is denoted by 𝒜b or  b(𝒜), b(𝒜) = X (𝒜∘ ∪ ext(𝒜))⁄ . 

1.4.Definition:[7] Consider a collection {τk}2≤k∈J of open sets in the top. space 𝑋. If there are 

no two non-empty sets that do not overlap in the intersection of all sets τ𝑘 for 𝑘 in 𝐽. A 𝓋 -

space (X, 𝓋oX) satisfies the criteria of top. on 𝑋. 

1.5.Definition:[7] The definition of 𝓋oX, that's  stands for "set of all 𝓋 -open sets in X," is 𝓋oX 

= {𝓍: 𝓍 𝑖𝑠 𝑎 𝓋 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 𝑖𝑛 𝑋}. 

1.6.Definition:[7] A 𝓋-closed set is the set that is the complement of a 𝓋 -open set. CS𝓋 is the 

index of the collection of all 𝓋-closed sets. 

1.7.Definition:[7] An order pair (X, 𝓋oX) is called 𝓋-space where X is a universal set and 𝓋oX 

is set of all 𝓋-open in X. 

A pair (X, 𝓋oX) is referred to as a 𝓋-space, where 𝑋 represents a universal set and 

𝓋oXrepresents the set of all 𝓋-open sets in 𝑋. 

1.8.Definition:[7] Consider a vector space (X, 𝓋oX)and let 𝒜 be a subset of 𝑋. A point 𝑏 ∈ 𝒜 

is considered to be the 𝓋-interior of 𝒜 if and only if there exists a set 𝓍 ∈ 𝑣𝑜𝑋 such that 𝑏 ∈

𝓍 ⊆ 𝒜. 

1.9.Definition:[7] Consider a vector space (X, 𝓋oX) and let A be a subset of 𝑋. The collection 

of all 𝓋-interior points of set 𝒜 is referred to as the 𝓋-interior of 𝒜 and symbolized as 

int𝓋(A). 

2- 𝓿-open sets 

2.1. Definition: Take (X, 𝓋oX) be an top. space Gn and ϰ is 𝓋-open set in X Subsequently ϰ is 
called pre-𝓋-open set if [ϰ ⊆ int(cl(ϰ))], the complement of pre- 𝓋oX set is allegedly is 

allegedly 
 pre U ⊂ X, the collection of all pre 𝓋oX (respect pre − 𝓋oX) subset of  (X, 𝓋oX) is denoted by 
per o(𝓋oX) (respect pre c(𝓋oX). 
2.2. Example: Let X = {6,7,8}  

 τ1 = {X, ∅, {6}, {7}, {6,7}, {6,8}} , τ2 = {X, ∅, {6}, {6,7}}  

τ1 ∩ τ2 = {X, ∅, {6}, {6,7}}  

 𝓋 = {X, ∅, {6}, {6,7}, {6,8}} , 𝓋c = {X, ∅, {6}, {6,7}, {6,8}} 

𝑝𝑟𝓋-open set ϰ ⊆ int(cl(ϰ)) 

Subsequently 𝑝𝑟𝓋-open= {{6}, {6,8}, {6,7}, X, ∅}   
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2.3.Remark: Let {τk}k∈J be a family of top. space on X and N ∈ τk Subsequently ϰ ∈ 𝑝𝑟𝓋-open, 

Subsequently N ∈ 𝑝𝑟𝓋-open. (𝑝𝑟𝓋-open ⇒ β𝓋-open). 

     Proof : Consider an arbitrary open set 𝑁 

 Since  N ⊆ cl(N) ⟹Subsequently N = int(N) ⊆ int(cl(N)) 

N ⊆ int(cl(N)) ⟹ cl(N) ⊆ cl (int(cl(N))) ⟹ N ⊆ cl (int(cl(N))) 

 

2.4.Remark: Consider a family {τk}k∈J of top. spaces on 𝑋. Let 𝓍 be an element of τ𝑘such that 

𝓍 is 𝑝𝑟-𝓋-open. Subsequently, 𝓍 is also 𝑝𝑟-𝓋-open. 

2.5. Remark: Let {τk}k∈J be a family of top. space on X and ϰ ∈ τk Subsequently ϰ ∈ 𝑝𝑟𝓋-open 

for all k ∈ J. 

Consider the family {τk}k∈J of top. spaces on 𝑋. Let 𝓍 ∈ τ𝑘. It follows that 𝓍 ∈ 𝑝𝑟𝑒𝓋-open for all 

𝑘 ∈ 𝐽. 

      Proof : Consider an arbitrary open set 𝒜 

 Since  𝒜 ⊆ cl(𝒜) ⟹Subsequently 𝒜 = int(𝒜) ⊆ int(cl(𝒜)) 

𝒜 ⊆ int(cl(𝒜)) ⟹ cl(𝒜) ⊆ cl (int(cl(𝒜))) ⟹ τ ⊆ cl (int(cl(τ))) 

 

2.6. Remark: The intersection of two sets of 𝑝𝑟𝓋 is not necessarily belong to 𝑝𝑟𝓋-open. 

2.7. Example: Let X = {6,7,8,9}  

 τ1 = {X, ∅, {7,8,9}, {8,9}, {8}} , τ2 = {X, ∅, {7,8,9}, {8,9}, {9}}   

Subsequently 𝓋oX = {X, ∅, {8,9}, {6,8,9}, {7,8,9}} , 𝓋oXc = {{6,7}, {7}, {6}, X, ∅}  

 
Thus 𝑝𝑟𝓋(X)={

∅, X, {8}, {9}, {6,8}, {6,9}, {7,8}, {7,9}, {8,9}

{6,7,8}, {6,7,9}, {6,8,9}, {7,8,9}
}  

It is clear that  {6,8} ∩ {6,9} = {6} and {6} ∉ 𝑝𝑟𝓋-open  

Also {6,7,8} ∩ {6,7,9} = {6,7} and {6,7} ∉ 𝑝𝑟𝓋-open 

2.8.Note: Every open set is also 𝑝𝑟-open, although this is not true in general for quench.      

Proof : Consider an arbitrary open set 𝒜 

 Subsequently  𝒜 = int(𝒜), Considering 𝒜 ⊆ cl(𝒜) ⟹ 𝒜 =

int(𝒜) ⊆ int(cl(𝒜)) 

 

 𝒜 ⊆ int(cl(𝒜))  

2.9.Note: Let {τk}k∈J be a family of top. space on X, 𝒯 ∈ τk for all k ∈ J,  if 𝒯 is pre-open not 

need to belong to top.. 

2.10. Example: Let X = {6,7,8,9}  

 τ1 = {X, ∅, {6,8}, {6,9}, {6}, {6,8,9}} , τ2 = {X, ∅, {8,9}, {6,7,9}, {9}}  

 Subsequently τ1
c = {X, ∅, {7,9}, {7,8}, {7,8,9}, {7}}, τ2

c = {X, ∅, {6,7}, {8}, {6,7,8}, {7}} 

 Subsequently pre-open(τ1) = {{6}, {6,7}, {6,8}, {6,9}{6,7,9}, {6,7,8}, {6,8,9}, X, ∅} 

Now  {6,7}, {6,7,9}{6,7,8} are not top.-related but rather 𝑝𝑒𝑟-open τ1 

Furthermore  pre-open(τ2) = {{9}, {6,9}, {7,9}{8,9}, {6,7,9}, {6,8,9}, {7,8,9}, X, ∅} 

Now  {6,9}, {7,9}{6,7,8}, {7,8,9} are belong to per-open  but not belong to top. (τ2) 

2.11.Note: Given a family of top. spaces on 𝑋, denoted as {τk}k∈J, 𝒯 ∈ τk for every 𝑘 ∈ 𝐽. If 𝒯 is 

𝑝𝑟-open, it need not necessarily be part of the intersection of top.. 

2.12. Example: take X = {6,7,8,9}  

 τ1 = {X, ∅, {8,9}, {9}, {7,9}, {7,8,9}} , τ2 = {X, ∅, {8,9}, {7,9}, {9}, {7,8,9}}  

τ3 = {X, ∅, {8}, {9}, {6,8,9}, {8,9}} 
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⋂ τk

3

k=1

= {X, ∅, {9}, {8,9}} 

(⋂ τk

3

k=1

)

c

= {X, ∅, {6,7,8}, {6,7}} 

We obtain and own the power set. Next 

 pre-open(τ1) = {{8}, {9}, {9}, {8,9}{6,8,9}, {7,8,9}, X, ∅} 

Now  {8}, {7,9}{6,8,9} and {7,8,9} are belong to per{τ1} but not belong to ⋂ τk
3
k=1 . 

Also  pre-open(τ2) = {{9}, {6,9}, {7,9}, {8,9}, {6,7,9}, {6,8,9}, {7,8,9}, X, ∅} 

Now  {6,9}, {7,9}, {6,7,8}, {6,7,9} and {7,8,9} are included in per{τ2} but excluded 

from ⋂ τk
3
k=1  

pre-open(τ3) = {{9}, {8}, {8,9}, {6,8,9}, {7,8,9}, X, ∅} 

Now  {8}, {6,8,9} and {7,8,9} are belong to per{τ3} but not belong to ⋂ τk
3
k=1 . 

2.13.Note: For every 𝑘 in 𝑋, let {τk}k∈J be a family of top. spaces. If 𝒯 is 𝑝𝑟-open, it need not 

necessarily belong to 𝓋 -open, and vice versa. 

2.14. Example: take X = {6,7,8}  

 τ1 = {X, ∅, {6}, {7}, {7,8}} , τ2 = {X, ∅, {6,7}, {6,8}, {6}, {8}}  

⋂ τk

2

k=1

= {X, ∅, {6}, {6,7}} 

𝓋-open set= {X, ∅, {6,7}, {6,8}, {6}, {8}}. We get  

 pre-open set (τ1) = {{6}, {7}, {6,7}, {7,8}, X, ∅} 

Now  {7} and {7,8} are belong to per{τ1} open set but are outside of the 𝓋-open 

set. 

Also   {8} belong to per{τ2} open but are outside of the 𝓋-open set. 
2.15.Note: Let {τk}k∈J be a family of top. space on X, 𝒯 ∈ τk for all k ∈ J,  if 𝒯 ∈ 𝓋-open, 

Subsequently not necessary belong to pre-open. 

For every 𝑘 in 𝐽, let {τk}k∈J be a family of top. spaces on 𝑋 such that 𝒯 ∈ τk; if 𝒯 is 𝓋-open, it 

need not belong to 𝑝𝑟-open. 

2.16. Example: take X = {6,7,8}  

 τ1 = {X, ∅, {8}, {7}, {7,8}} , τ2 = {X, ∅, {6,7}, {7,8}, {6}, {7}}  

⋂ τk

2

k=1

= {X, ∅, {7}, {7,8}} 

𝓋-open set= {X, ∅, {6,7}, {7,8}, {7}}, τ1 complement= {X, ∅, {1}, {1,3}, {2,1}} 

 pre-open set (τ1) = {{8}, {7}, {7,8}, X, ∅}. Now  {6,7} belong to 𝓋-open set but not 

belong to pre{τ1} open set . Also  {8} belong to pre{τ2} open set but are outside of 

the 𝓋-open set. 

2.17.Note: 𝒯 is 𝑝𝑟𝓋-open if and only if {τk}k∈Jis a family of top. space on 𝑋 and 𝒯 ∈ τk for every 

𝑘 ∈ 𝐽. 

      Proof : Consider an arbitrary open set 𝒜 

 Subsequently  𝒜 = int(𝒜). Considering 𝒜 ⊆ cl(𝒜) ⟹ 𝒜 =

int(𝒜) ⊆ int(cl(𝒜)) 

 

  A ⊆ int(cl(A))  
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2.18.Note: Take {τk}k∈J be a family of top. spaces on 𝑋, such that 𝒯 ∈ τk for every 𝑘 ∈ 𝐽. If 𝒯 is 

not necessarily a member of τ if it is inside 𝑝𝑟𝓋-open. 

2.19. Example: Take X = {6,7,8}  

 τ1 = {X, ∅, {6,8}, {8}, {6}, {7,8}} , τ2 = {X, ∅, {6,8}, {6}, {6,7}, {7}} 

 
⋂ τk

2

k=1

= {X, ∅, {6,8}, {6}} 

𝓋-open set= {X, ∅, {6,8}, {6}, {6,7}}, 𝓋c-open set= {X, ∅, {7}, {7,8}, {8}} 

 Subsequently 𝑝𝑟𝓋-open set(τ1) = {{6}, {6,7}, {6,8}, X, ∅} 

τ1
c = {{7}, {7,8}, {6,8}, X, ∅}. Subsequently pre-open set(τ1) =

{{6}, {8}, {6,8}, {7,8}, X, ∅} 

Now {1,2} appropriate to pre-𝓋(τ1) but not be appropriate to pre(τ1). 

2.20.Note: Let τk for all k ∈ J is family of top. space on X, 𝒯 ∈ τk for all k ∈ J,  if 𝒯 ∈ pre-open, 

therefore not required appropriate to 𝑝𝑟𝓋-open. 

2.21. Example: Let X = {6,7,8}  

 τ1 = {X, ∅, {6}, {7}, {6,7}, {7,8}} , τ2 = {X, ∅, {7,8}, {6,8}, {8}, {7}}  

⋂ τk

2

k=1

= {X, ∅, {7}, {7,8}} 

𝓋-open set= {X, ∅, {6,7}, {7,8}, {7}}, τ1
c = {X, ∅, {7,8}, {6,8}, {8}, {6}} 

 𝑝𝑟𝓋-top.(τ1) = {{6,7}, {7}, {7,8}, X, ∅} 

pre-top.(τ1) = {{6}, {7}, {6,7}, {7,8}, X, ∅} 

{6} ∈ pre- top. {τ1} but not appropriate to 𝑝𝑟𝓋- top.{τ1}. 

Also  τ2
c = {X, ∅, {6,8}, {6}, {7}, {6,7}} 

pre-top.(τ2) = {{8}, {7}, {6,8}, {7,8}, X, ∅}. Now  {6,8} ∈ pre-top. {τ2} but not 

appropriate to 𝑝𝑟𝓋-top.{τ2}. 

3- Internal and External Comparison between 𝐩𝐫𝐞-𝓿  

3.1.Theorem: take (X, pre𝓋oX) is a 𝑝𝑟𝓋-space on X, when  𝒜 subset of 𝑋.  

Subsequently intpre𝓋
(𝒜) = union of all 𝑖 ∈ 𝐼 for {𝕏i: 𝕏i is 𝑝𝑟𝓋 − open, 𝕏i ⊆

𝒜, ∀i ∈ I} 

Proof: take k ∈ intpre𝓋
(𝒜), Subsequently k is an 𝑝𝑟𝓋-interior point of 

𝒜, therefore Here is 𝕏 ∈ 𝑝𝑟𝓋𝑜𝑋. in in a manner that k ∈ 𝕏 ⊆ 𝒜. 
Now ϰ is pre𝓋-open in a manner that 𝕏 ⊆ 𝒜 Thus, we're left with  
k ∈ union of all 𝑖 ∈ 𝐼 for {𝕏i: 𝕏i is 𝑝𝑟𝓋 − open, 𝕏i ⊆ 𝒜, ∀i ∈ I} 

that's  is suggests that, int𝑝𝑟𝓋
(𝒜) ⊆ union of all 𝑖 ∈

𝐼 for {𝕏i: 𝕏i is 𝑝𝑟𝓋 − open, 𝕏i ⊆ 𝒜, ∀i ∈ I}. 

Next take k ∈ ⋃ {𝕏i: 𝕏i is 𝑝𝑟𝓋 − open, 𝕏i ⊆ 𝒜, ∀i ∈ I}i∈I  
Subsequently Here is 𝑝𝑟𝓋-open 𝕏∗, 𝕏∗ ⊆ 𝒜 in a manner that  

 k ∈ 𝕏∗ therefore k ∈ 𝒜  is an 𝑝𝑟𝓋-interior point of 𝒜, thus  

int𝑝𝑟𝓋
(𝒜) ⊇ ⋃{𝕏i: 𝕏i is 𝑝𝑟𝓋 − open, 𝕏i ⊆ 𝒜, ∀i ∈ I}

i∈I

 

3.2.Theorem: Take (X, 𝑝𝑟𝓋𝑜𝑋) be a 𝑝𝑟𝓋-space and Assume that  𝒜, ℬ ⊂ X. 

intpre𝓋
(∅) = ∅ and intpre𝓋

(X) = X. 

If 𝒜 subset ℬ ⟹ intpre𝓋
(𝒜) ⊆ intpre𝓋

(ℬ) 
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Proof: 
 

1.  Considering ∅, and 𝑋 are 𝑝𝑟𝓋-open sets, Subsequently the following is the 

outcome. 

2.  Assume 𝒜 ⊆ ℬ, considering int𝑝𝑟𝓋
(𝒜) is a 𝑝𝑟𝓋-open set included in 𝒜, and 𝒜 ⊆ ℬ 

Subsequently int𝑝𝑟𝓋
(𝒜) is a 𝑝𝑟𝓋-open set included in ℬ. However, int𝑝𝑟𝓋

(ℬ) is the 

largest 𝑝𝑟𝓋-open set included in ℬ, that's  suggests to int𝑝𝑟𝓋
(𝒜) ⊆ int𝑝𝑟𝓋

(ℬ). 

3.3.Proposition:Take τk when k ∈ J is a family of top. space on X, and  𝒜 ∈ ⋃ τkk∈J  

Subsequently int(𝒜) in  𝑝𝑟𝓋 = int(𝒜) in β-𝓋-open but the int(𝒜) in βeta(𝓋oX), and pre(𝓋oX) 

is not equal to int(𝒜) in 𝓋oX. 

3.4.Example: Let X = {6,7,8}  

 τ1 = {X, ∅, {8}, {6,8}, {7,8}} , τ2 = {X, ∅, {6,8}, {6,7}, {6}}.  

⋂ τk

2

k=1

= {X, ∅, {6,8}} 

 𝓋-open set= {X, ∅, {6,8}}, 𝓋c-open set= {X, ∅, {7}} 

We consider the power points = {X, ∅, {6}, {7}, {8}, {6,7}, {6,8}, {7,8}} 

𝑝𝑟𝓋-open set = {X, ∅, {6}, {8}, {6,7}, {6,8}, {7,8}}  

β-𝓋-open set = {X, ∅, {6}, {8}, {6,7}, {6,8}, {7,8}} 

Now {6,8} belong to ⋂ τk
2
k=1  and belong to 𝓋-open and belong to 𝑝𝑟𝓋 . And  

int({6,8}) = {6,8} in (X, τk). And  int({6,8}) = {6,8} in 𝓋-open set. And  

int({6,8}) = {6,8} in β-𝓋-open 

    but int𝓋({6}) = {6} in 𝑝𝑟𝓋-open, int𝓋({6}) = ∅ in (X, 𝓋oX), and int𝓋({6}) = {6} in β-𝓋-

open set. Show we conclude that  int({6}) in 𝑝𝑟𝓋-open set≠ int({6})in (X, 𝓋oX). 

3.5.Proposition: take {τk}k∈J be a family of top. space on X, and  𝒯 ∈ τk for k ∈ J, 

Subsequently cl(A) = cl𝓋(A) in (X, τk) for all k ∈ J . 

3.6.Theorem: Assume that 𝒜 ⊆ X and that (X, 𝑝𝑟𝓋𝑜𝑋) is a 𝑝𝑟𝓋-space on X. Consequently, the 

smallest 𝓋 -closed set that contains A is cl𝑝𝑟𝓋
(𝒜). 

Proof: We see that the intersection of 𝑝𝑟𝓋-closed sets is 𝑝𝑟𝓋-closed set, hence we've 

cl𝑝𝑟𝓋
(𝒜) is a 𝑝𝑟𝓋-closed set 𝒜 ⊆ cl𝑝𝑟𝓋

(𝒜). Based on the given definition 

cl𝑝𝑟𝓋
(𝒜). Let 𝒜∗ be a 𝑝𝑟𝓋-closed set that include 𝒜. Subsequently 𝒜∗ incorporate 

the intersection of all 𝑝𝑟𝓋-closed set that include 𝒜. Therefore cl𝑝𝑟𝓋
(𝒜) ⊆ 𝒜∗ 

3.7.Proposition: Let {τk}k∈J be a family of top. space on X, and  𝒯 ∈ τk for k ∈ J, Subsequently 

cl(A) in (X, ⋂ τk
2
k ) = cl𝓋(A) in (X, 𝓋oX) = cl𝓋(A) 𝑝𝑟𝓋-open but cl𝓋(A) of 𝑝𝑟𝓋-open is not 

comparable to cl𝓋(A) in (X, 𝓋oX). 

3.8.Example: Let X = {6,7,8}  

 τ1 = {X, ∅, {6}, {6,7}, {7}} , τ2 = {X, ∅, {6,7}}  

Now  

⋂ τk

2

k=1

= {X, ∅, {6,7}} 

And 𝓋-0pen set = {X, ∅, {6}, {6,7}, {7}, {6,8}, {7,8}}  

Now {6,7} belong to ⋂ τk
2
k=1  and belong to 𝓋-open set and belong to 𝑝𝑟𝓋-open set 

cl{6,7} = X in (X, τk), (X, 𝓋oX), and  𝑝𝑟𝓋-open set but cl𝓋{6} = {6} in 𝑝𝑟𝓋-open set, 
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and cl{6} = X in 𝓋-open set.  

So we have cl{6} in  𝑝𝑟𝓋-open set≠ cl{6} in (X, 𝓋oX). 

3.9.Definition: Take (X, 𝓋oX) ia  an 𝓋-space on X, and  𝒯 ⊆ X. A point b ∈ X is contacted an 𝓋-

exterior point of A, if any N ∈ 𝓋oX such a way that  b ∈ N ⊆ Ac. 

3.10.Definition: The collection of all 𝓋-exterior points of A referred to as the 𝓋-exterior of A 

and indicated by ext𝓋(A). 

3.11.Proposition: Let {τk}k∈J be a family of top. space on X, and  𝒯 ∈ τk for k ∈ J, 

Subsequently ext𝓋(A) in (X, ⋂ τk
2
k ) = ext𝓋(A) in (X, 𝓋oX) = ext𝓋(A) in 𝑝𝑟𝓋-open but ext𝓋(A) 

in  𝑝𝑟𝓋-open ≠ ext𝓋(A) in (X, 𝓋oX). 

3.12.Theorem: Assume (X, 𝑝𝑟𝓋𝑜𝑋) be a 𝑝𝑟𝓋-space on X, and  𝒜 subset X. Subsequently 

ext𝑝𝑟𝓋
(𝒜) equal to int𝑝𝑟𝓋

(𝒜c). 

Proof: Let's assume that b is an element of the set of points exterior to 𝒜, denoted as 

ext𝑝𝑟𝓋
(𝒜). Consequently, b is an exterior point of 𝒜 with respect to 𝑝𝑟𝓋 . This 

means that there exists a set 𝑀, which is an open set with respect to 𝑝𝑟𝓋 , such that 

𝑏 is an interior point of 𝑀 and 𝑀 is a subset of the complement of 𝒜, denoted as 

𝒜c. Therefore, b is also an interior point of the complement of 𝒜 with respect to 

𝑝𝑟𝓋 , denoted as int𝑝𝑟𝓋
(𝒜c). Hence, we can conclude that ext𝑝𝑟𝓋

(𝒜) is a subset of 

int𝑝𝑟𝓋
(𝒜c). Let's assume that b belongs to the interior of the complement of 𝒜, 

denoted as int𝑝𝑟𝓋
(𝒜c). Consequently, 𝑏 is an interior point of 𝒜 with respect to 

𝑝𝑟𝓋 . This means that there exists a set 𝑀, which belongs to the 𝑝𝑟𝓋-exterior of 𝑋, 

such that b belongs to 𝑀 and 𝑀 is a subset of the complement of 𝒜. This follows 

from the definition of 𝑝𝑟𝓋-exterior. Given that 𝑏 is a proper exterior point of 𝒜, we 

can conclude that b belongs to the set of proper exterior points of 𝒜. 

3.13.Example: Let X = {6,7,8,9}  

 τ1 = {X, ∅, {7,8}, {8,9}, {8}} , τ2 = {X, ∅, {6,8,9}, {8,9}, {6}}.  

Now  

⋂ τk

2

k=1

= {X, ∅, {8,9}} 

𝓋-0pen = {X, ∅, {8,9}, {6,8,9}, {7,8,9}} , 𝓋-complement =

{X, ∅, {6,7}, {7}, {6}} 

𝑝𝑟𝓋-open= {
X, ∅, {8}, {9}, {6,8}, {6,9}, {7,8}, {7,9}, {8,9}, {6,7,8}

{6,7,9}, {6,8,9}, {7,8,9}
} 

{6,7} belong to ⋂ τk
2
k=1 , 𝓋-open and 𝑝𝑟𝓋-open  

ext𝓋({8,9}) = {6,7}c = ∅ in (X, ⋂ τk
2
k=1 ), (X, 𝓋oX) = ext𝓋(A) in 𝑝𝑟𝓋-open, 

but ext𝓋({6,7,8}) = {9}c = 9, {6,7,8} belong to 𝑝𝑟𝓋-open, but 

ext𝓋({6,7,8}) = ∅ in 𝓋-open. 
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3.14.Note: Let {τk}k∈J be a family of top. space on X, and  A ∈ ⋂ τk
2
k  for k ∈ J, thus b(A) in 

(X, ⋂ τk
2
k ) = b(A) in (X, 𝓋oX) = b(A) in  𝑝𝑟𝓋-open but b(A) not equal between  𝑝𝑟𝓋-open and 

in ⋂ τk
2
k . 

3.15.Example: Let X = {6,7,8}  

 τ1 = {X, ∅, {6}, {7}, {6,7}} , τ2 = {X, ∅, {7}, {6,7}, {8}, {7,8}}  

Now  

⋂ τk

2

k=1

= {X, ∅, {7}, {6,7}} 

And 𝓋-0pen set = {X, ∅, {7}, {6,7}, {7,8}} ,  

𝑝𝑟𝓋-open set= {X, ∅, {7}, {6,7}, {7,8}} 

The open sets {6} and  {6,7} belong to ⋂ τk
2
k=1 , 𝓋-open and  pre-β-𝓋-open 

set 

b({7}) = {6,8} in (X, ⋂ τk
2
k=1 ), ({7}) = {6,8} in 𝓋-open set 

b({6,7}) = {8} in (X, ⋂ τk
2
k=1 ), ({6,7}) = {8} in 𝓋-open set 

b({7}) = {6,8} in (X, ⋂ τk
2
k=1 ), ({7}) = {6,8} in  𝑝𝑟𝓋-open set, 

Subsequently  but b(A) in (X, ⋂ τk
2
k=1 ) = b(A) in(X, 𝓋oX) = b(A) in  𝑝𝑟𝓋-

open set {7,8} ∈ 𝓋-open set, but {7,8} not belong to (X, ⋂ τk
2
k=1 ) 

 b({7,8}) = {6,7,8} {7,8} ∪ ∅ = {6}⁄  in 𝓋-open set, but b({7,8}) =

{6,7,8} {7} ∪ ∅ = {6,8}⁄  in (X, ⋂ τk
2
k=1 ), b(A) in 𝓋-open set≠ b(A) in 

(X, ⋂ τk
2
k=1 ) when A ∉  𝓋-open set 

3.16.Note: Boundary to open set A b(A) in  𝑝𝑟𝓋-open is not equal to b(A) in 𝓋-open. 

3.17.Example: Let X = {6,7,8}  

 τ1 = {X, ∅, {8}, {6,8}} , τ2 = {X, ∅, {6}, {6,8}}. Subsequently (X, τ1),(X, τ2) are top. 

spaces. Now  

⋂ τk

2

k=1

= {X, ∅, {6,8}} 

And 𝓋-0pen = {X, ∅, {6,8}} 𝑝𝑟𝓋-open= {X, ∅, {6}, {8}, {6,8}, {7,8}} 

The open {7,8} belong to  𝓋-open, but not belong to 𝓋-open  

b({7,8}) = {6,7,8} {7,8} ∪ {6} = ∅⁄  , b({7,8}) = {6,7,8} ∅ ∪ ∅ = {6,7,8} = X⁄   

b(A) in  𝑝𝑟𝓋-open≠ b(A) in 𝓋-open. 

3.18.Note: Let {τk}k∈J be a family of top. space on X, and  A ∈ ⋂ τk
2
k  for k ∈ J, Subsequently 

D(A) in (X, ⋂ τk
2
k ) = D(A) in (X, 𝓋oX) = D(A) not equal to in  𝑝𝑟𝓋-open  

3.20.Example: Let X = {6,7,8}  

 τ1 = {X, ∅, {6}, {6,7}, 7} , τ2 = {X, ∅, {6,7}}. Now  

⋂ τk

2

k=1

= {X, ∅, {6,7}} 

And 𝓋-0pen = {X, ∅, {6,7}} , 𝑝𝑟𝓋-open= {X, ∅, {6}, {7}, {6,7}, {6,8}, {7,8}} 

The open {6,7} belong to  (X, ⋂ τk
2
k ), (X, 𝓋oX), and  𝑝𝑟𝓋-open  

D({6,7}) = X in (X, ⋂ τk
2
k ), and (X, 𝓋oX), but D({6,7}) = {8} in  (X, 𝑝𝑟𝓋𝑜𝑋). 

3.21.Proposition: Let {τk}k∈J be a family of top. space on X, and  A ∈ ⋂ τk
2
k  for k ∈ J, 

Subsequently D(A) in 𝑝𝑟𝓋-open not equal to D(A) in 𝓋-open. 
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3.22.Example: Let X = {6,7,8}  

 τ1 = {X, ∅, {7,8}, {7}} , τ2 = {X, ∅, {7,8}, {8}, {6}, {6,8}}.  

⋂ τk

2

k=1

= {X, ∅, {7,8}} 

And   𝓋-0pen set= {X, ∅, {7,8}}, pre-𝓋-open set= {X, ∅, {7}, {8}, {6,7}, {6,8}, {7,8}} 

 β-𝓋-open set= {X, ∅, {7}, {8}, {6,7}, {6,8}, {7,8}} 

The open set {7,8} belong to (X, ⋂ τk
2
k ), (X, 𝓋oX), and  𝑝𝑟𝓋-open set 

D({7,8}) = X in (X, ⋂ τk
2
k=1 ),  D({2,3}) = X in (X, 𝓋oX) 

Subsequently D({7,8}) = X in (X, ⋂ τk
2
k ) = D({7,8}) in (X, 𝓋oX). But D({7,8}) =

{6} in  𝑝𝑟𝓋-open set. D({6,7}) = ∅ in  𝑝𝑟𝓋-open set. But D({6,7}) = {6,8} in 𝓋-open 

set. Subsequently D(A) in  pre-𝓋-open set≠ D(A) in 𝓋-open set. 

Conclusion: 

• If {τk}k∈J be a family of topological space on 𝑋, and  𝒯 ∈ τk for k ∈ J, if 𝒯 ∈ 𝑝𝑟𝑒-open , 

then not necessary belong to 𝑝𝑟𝓋-open set also the converse is not true.  

• Also every 𝓋-open set is 𝑝𝑟𝓋-open set but the converse is not true. 

• Every 𝑝𝑟𝓋-open set is 𝛽𝓋-open set. 

• if {τk}k∈J be a family of topological space on 𝑋, and  𝒯 ∈ τk for k ∈ J, if 𝒯 ∈ 𝑝𝑟𝓋-open set 

𝑝𝑟𝓋-open set, then not necessary belong to topology, also the converse is not true.  
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