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Introduction:

Let G be a graph, and G(V(G),E(G)) be the set of its vertices and edges. This study solely
takes into account straightforward finite graphs.Deg(u) (or d(u)) of G is used to indicate a
vertex u V (G) degree. If an edge with the symbol x~y connects two vertices, x and y, they are
said to be adjacent (or x~y). The edges number connected to an edge refers to G as a graph
having k vertices and | edges when saying that G € G + (k]1). The notations and terminologies
used in this article but not defined in [1]. The numerical values connected to a graph structure
are known as topological indices.

Numerous topological indices based on distance, degree, and other graph features have
been suggested and investigated. You can find some of them in [2, 3]. Zagreb indices are
historically regarded as the first degree-based topological indices, and they apply to many fields
of science, including physical, chemical, and economic sciences etc. [4-7] Numerous works
relate graph theory to group theory or ring theory features of the Z modulo; for further
information, see [8-15] and the therein references. Alwardi A. et al. examined all of the graphs
in the indices of Zagreb in 2018 [16].

The Sum graph of a group G, (Z,ngm ) is defined in this study as a finite group of order
(Zpngm ) since p and q are prime integers numbers, and the vertices of the graph represent the
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members of (Z,n,m), such that an edge exists between the two vertices a and b if and only if
0(a)+0(b)>0(Z,n4m) denoted by G.(Z,ngm ). The topological indices have received much
study; some of these studies can be found in [17-20]. By Ranjini et al. in 2013, the index of
Zagreb re redefined as the first, second, and third indices of Zagreb [4]. The generalized inverse
sum index ISI of graph G introduced by Buragohain et al. in [5] can also be considered a
particular case of this index.

The Eccentric Connectivity Index, First and Second indices of Zagreb, Sum-Connectivity
index, Randic' index (or Connectivity index), and sum particular special instances indices of
G+ (Zpngm ) are some of the topological indices computed in this study. Also obtained some
novel features of G, (Zyngm ).

2. Basic Concepts and Terminology
The next main topic is the topological index that will be required in the following considerations.
The eccentric connectivity index ¢ is defined as
3¢ =3°(6) = Y, e(w)d; ,where e(u) = max{d(u,v),v € V(G)}. [21]
generalized the Eccentric Connectivity index 3y, Is define as

37 =37(6) =X, e(Wd],y €R.[21]
The first general Zagreb index (or general Zeroth-order Randic index) Q,, is defined as

Q=0 =X, d] =% (& " +d/ ),
Where k is the order of vertices and y € R [22].
The second general Zagreb index or Randic index R,,, is defined as

Ry = Ry (G) = % (did;)’,
And y € R [22].
The general Sum-Connectivity index H, as
Hli = HH(G) = Zi'vj(di + dj)“,
And 1 € R [23].
3. The Sum graphs of the group Zyngm .
Shall explore the idea of a Z,, Group using graph theory in the following section by

defining it in terms of order rules. Additionally, discovered the degree of theZ exceptional value at
(pnqm), where p and g are the prime numbers raised to the power of the positive integers n, m.

Definition 3.1 [24]: Let G be a finite cyclic group. The group sum graph, denoted by G, (V, E) of

G, Isagraph with V(G,) = LEJG(x) and two distinct vertices x and y are adjacent in G, denoted
X

by (x)~(y) if and only if O(x) + O(y) > O(G), where O(G) is the order of the group G. (i.e.)
VG = U.(x),
E(G,) = {xy| (x)~(y) ifand only if O(x) + O(y) > O(G), where x,y € G and x # y}.
Remark 3.2 [24]:

If taking as (definition 3.1) O(x) + 0(y) < O(G), where G is a finite group of order n. Because
there is at least one member, we can observe that the graph is not connected. a such that O(a) =
0(G). Therefore, O(a) + 0(a;) > 0(G), Y a; € G,1 <i <n, (i.e) aisisolated-vertex. Hence G is

not connected.
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Lemma 3.3: Every finite cyclic group holds the group sum graph are connected and cyclic graphs.

Lemma 3.4 [24]: Let Z, be a finite group of order a prime number p, then

6. (V(2,).E(2,)) = K,
where K,, it is a complete graph of p vertices.
Theorem 3.5 [24]: Let G, (V(an), E(an)), then

"lp—1) ifO(u) #p"
deg(u) = {p (P : ,
uev%gpn)) p"—1 ifo(w) = p"

Where p > 3 is the prime number and n > 2 is a positive integer number.
Proposition 3.6 [25]: If G, (V(qu), E(qu)), then

_(pq—-(@+q@+1 if O(w) #pq
deg(u) = {pq -1 if O(u) = pq’

where u € V(Z,,) And p,q = 3,p, and q are distinct prime numbers.
Theorem 3.7 [25]: Let G, (V(anq),E(anq)), then

p" l(pg—-(p+q)+1) ifO(u)#pq

deglu), = {p”q -1 ifO(w) =p"q’

uEV(anq

where 2 < P < q are distinct relative prime numbers, n > 1,n € Z*.
Theorem 3.8[26]: Let G, (V(qum), E(qum)), then

mlpg-p+q+1 ifOw) #pq™
degty = {17 @I P HOFL 00 2 pa
uev(zygm) P4 = Pq

where,2 <p<gm=1meZ*

Remark 3.9: We can generalize the cardinal number of Z,»,m, by the following:

{1 +¥8a;=p" g™ (p+q-1) if O(w) # p"q™

o(Z,n,m (u)= _ _ . ’
(Zyngm) prq" —[1+ 30 ] =p" q™ M pg - (p+q) + 1) ifO(w) =ptq™

uev(zyngm)
where A = (nm +n+ m—l),n,m > 1,n,m € Z* And 2 < p < ¢ different prime numbers.
Theorem 3.10: Let G, (V(anqm), E(anqm)>, then

deg(u) = {p”‘lqm‘l(pq —(p+q@+1) ifow #ptq™
uev(zgngm) P47 1 if O(w) = p"q™
2 < p < q are distinct prime numbers and n,m > 1 are positive integer numbers.
Proof: The proof follows immediately from Proposition 3.6, Theorems 3.5,3.7, and 3.8 have the
result.

Remark 3.11:
Luev(z,ngn) 4680 = [P" 14" g — (0 + @) + DI[p™ g™ *(pg +p + q-1) — 1].

nmz=1.
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1 _ — - -
L=s[p"q"  (pg-+ @) + D][P" '¢" g +p +q -1 - 1].
Remark 3.12:
1-The Sum graph G, (Z,n,m ) is Hamilton's graph because the degree of any vertex is greater or

equal to p™q™/2.
2- The Sum graph G, (Z,n,m) is an Euler's graph because all vertices have an even degree.

Remark 3.13: We can express the graph G, (V(anqm), E (anqm)) by the formal
Kpn_lqm_l(pq—(p+q)+1) + Spn—lqm—l(p+q_1) , where any v € V(Kpn—lqm—l(pq_(p+q)+1)) have

O() =p"q™ and u € V(S n-14m-1(44-1) ) have O(u) # p™q™, 3 < p < q are prime numbers
and n,m > 1 are positive integer number.

4. Topological indices of G+( Zynm)
This section will compute the famous generalized topological indices with exceptional cases.
Remarks 4.1:
(1) Let u € V(G), where G, is a finite simple graph of order (n # p ), where p is a prime number.

(1 ifo(u) = |Z,|
e(w) = {2 ifO@) # 12,
(2) The Eccentric Connectivity index 3¢ Is define as
3 =3 (@) =L, e(wd; .
(3) The general Eccentric Connectivity index 37, Is define as
3¢ = 35(6) = X, e(w)d!,y €R,
Theorem 4.2.: The eccentric connectivity index of the graph G, (V(anqm), E(anqm)) is

pq™
SC (anqm) = Z e(u)di_
i=1

=p" ' q"  (pq- 0+ @) + 1)[20"'q" (p + q-1)+(p"q™ -1)].
Proof: from remark 3.9, the vertices of G, (V(anqm), E(anqm)) have a degree by theorem 3.10
where 2 < p < g, and n, m are positive integers numbers, n,m > 1, get

3¢ (Zyngm) = 2| (P 2q™  (pg - + @) + 1)) + -+ (P g™ (pa - (0 + ) + 1))

pt1gm-1(p+q—1)—times

+1|@P"q" - D+ @"q" —D+ -+ (@"q" - 1)
p~1gm-1(pg—(p+q)+1)—times

=2p" ' q" M (p+q-1)(p" ¢ g~ (p+ ) + D) +p" " pg — 0+ ) +
D®"¢™ -1
3 (Zpngm) =p" " M (pa- (0 + @) + 1)[2p" g™ (p + g -1)+(p"q™ — D].
Theorem:4.3: The general Eccentric connectivity index of the graph G, (V(anqm), E(anqm)) IS
35 (Zpngm) =X e@d] =p" g™ M (pa-(p + @) + )[2p" g (p +

y—1
q¢-1) (P g™ (g~ 0+ @) +1))  + (g™ - 1)V],V ER.
Proof: From remark 3.9 and by theorem 3.10, get

195



35 (Zpngn) = 2| (7™ (P - + @) 1))+ (0" g — (p+ @) + 1)

p*~1lqm-1(p+q-1)-times

+1|@"" - D"+ @"q" - DV + -+ (p g™ - DY

pP1q" 1 (pq—(p+q)+1)-times
— — — — Y — —
=2p" ' q" M (p +q-1) (P " g - @+ )+ D) +p g (pg — (p+q) +
D@"q™ - 1.
35 (Zpngm) = 0" 1" (pa- 0 + @) + D)[20" ¢ (p + q-1) (" (pa- (0 + @) +
-1
1)) +@r" - 1)V]-
Example 4.4.
73 3=1{0,1,2,...,3374} , p=3, g=5, m=3, n=3, V(G)=3375.
3¢ (Zyngm) = 11743200,
Theorem 4.5.: Let G, (V(anqm), E(anqm)), then the first Zagreb index is

My = My(Zpngm) =p"'q" H(pg- @ + @) +1) [p”‘lqm‘l(p +q-1) (p" g™ (pa- (0 +

Q) +1)) + @ - 1)2] -

Proof: The vertices of G, (V(anqm), E(anqm)) have a degree by theorem 3.10 where 2 < p <

q, and n, m are positive integers numbers, n,m > 1, get

p-q
My = My(Zyngm) = Z df =
i=1

2
= (""" (pa- @+ @ +1)) ++ (P g -+ ) + D)
P 1qm 1 (p+q—1)—times)
+(p"q™-1)" + (g™ — D? + -+ (phg™ — D2,
" tq™m 1 (pq-(p+q)+1)—times)
=p" " (p+ q-1) (" " g - (0 + @)+ D) +p" g™ pg — (p + @) +
D(p"q™ - 12
My(Zyngm) = p"1q™ (pg-(p + @) + 1) [p" ¢ M (p + q-1) ("¢ M (pa- (0 + @) +
1)) + (p"q™ — 1)2].
Theorem 4.6.: Let G, (V(anqm), E(anqm)), then the first general Zagreb index is
y—1
Qy =p""'q" (pg-(p+q) +1) [p"‘lqm‘l(p +q-1) (P g (pa-tp+ @) + 1))+
(P"q™ - 1)V]-

Proof: The vertices of G, (V(anqm), E(anqm)) have a degree by theorem 3.10 where 2 < p <

q, and n, m are positive integers numbers,n,m > 1,y € R et

p"q
Qy = Qy(zpnqm) = Z d]i/ =
i=1
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= (P pa-p+ D+ 1)+ (M g - 0+ ) + D)

pt~1gm-1(p+q—1)—times)
+@"q" D"+ (g™ - DV + -+ (p"g™ - DY,
p*1q™m~1(pg—(p+q)+1)—times)
=p" 1" (p+q-1) (" ¢ N pg — (0 + q) + 1))
+p" g™ M (pg - (p+ @) + D™ - 1),
O (Zyngm) =" 1" (g - (0 + @) + D [p" ¢ (p + 1) (0" " (g - (0 + ) +
D)+ g - 17|
In particular
DIfy=1=0Q, = Zp a" d; = 2€(£ is a size of graph)

1 1 n-—1 m—l n-1,-m-1 n, m
=>€=—Q1=—[p (pg—@+q) +D[p" g™ (p + ¢-1)+(p"q™ — 1)]
@QUfy=2>Q,= Zp a" df =Y;.;(di+d)) =M,
=p" g™ (pg-(p + @) + D[p" g™ (p + ¢-1)-(p" " L (pg-(p + @) + 1)) +
(p"q™ — 1)?]

R Ify=3=0;= Z” " g3 = Yi-;(d} +d?) = Fy(forgting index)
2
=p"1q" Y pg-(p + @) + D[p" g™ (p + ¢-1) (p" ¢ Hpg-(p + @) + 1)) +
(p"q™ — 1%,
Example 4.7.
3 5— {0,1,2, ....,3374}, p=3, q=5, m=3, n=3, V(G)=3375

MDIfy=1=0, = Zp q" d; = 2€(£ is a size of graph)
= £ =-Q; = 4454100.
@Ify=2=Q,=Y01"d? =¥ ;d;+d; =M,
= p" 1" (pg-(p + @) + D[p" g™ (p + ¢-1)- (p" g™ (pg-(p + @) + 1)) +
(p"q™ — 1)2] = 25593976800.
B Ufy=3>0;= Zp ar d} =% j(di+d)=F

2
=p" " (pg-(p + @) + D" g + g — D (p7 g (pg-(0 + @) + 1)) +
(phq™ — 1)3] — 87507355723200.

Remark 4.8:
(1) The second Zagreb's index is defined as

M; = My(G) = Xij (didj)

(2) The generalized second Zagreb's index or Randic index R, defined as
Ry = Ry(G) = Zi~j (didj)y, Y €ER
Theorem 4.9.: Let G, (V(anqm),E(anqm)), then

My(Zyngm) = Ry = Y- jdidj = p"q™ Y (pg-(p + @) + 1) (p"q™ — 1) - l[p”‘lqm‘l(pq—(p +

Q)+ D)@ " g™ pg+p+q-1) - 1] - (g™
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Proof: Suppose that S = {ay,ay, ...,a,},a = p™" 1q™ X (pq — (p + q) + 1),

S € Zyngm, Where a; € Zyngm, O(a;) =p"q™1<i<a.

see that, every a; € S,1 < i < k is adjacent to all vertices belonging to Z,»,m it except itself.
(Since the graph is a simple graph).

Ry = d(a) |22 d() — d(ay)| + d(ap) [B20" d(@) — (d(ay)+d(az)]| +

+d(ag) B di - T8, d(ap)].

a— tlmes

Now, since d(a,) = d(a,) = --- = d(a,) = d(a) =p"q™ — 1 and
PRa™ g4, = 26 (£ is the size of a graph).

= R, =d(a)|(2¢ —d(a) + (2¢ - 2d(a)) + -+ (2¢ — ad(a))] - (1)
=d(a)[a-2¢ —d(a) X 1] e
= d(a) [2a£ — d() %2, 3, =220

= ad(a) [ze - 2ld(a )]

= p”‘lqm‘l(pq—(p +q)+1) (g™ - 1) [[P"‘lq"“l(PCI-(P + @) +1)|P" g g +p +

n-1,m-1 _
g—1—-1)]- (g™ -1 (pq2 (p+q)+1)+1)l.

So, in general, get by Eq. (1)

R, = (d@)" |(2£-d(@) + (2~ 2d@)" + -+ (2¢ ~ ad(@))’

a—times

R, = (d(a))" 3% ,(2¢ - id(@))"

=(p"q™ - 1) 2 [ (P (pa-(p + @) + 1)) (p"1q™ (pg +p + g-1) — 1) —
i(p"g™ - 1)1

In particular:

() Ry = Ty = G

P pa-(p+a)+1) [ ! ]
i=1 p" g (pg-(p+¢)+1) ("~ 1g™ L (pg+p+g-1)-1)—i(p"q"-1)

(2) 1?_]_/2 = A(anqm) = ZlN}\/;l_(jj = \/ﬁ

" g™ L pg—(p+@)+1) 1 ]

i=1
\/p"‘lq’”‘l(pq—(p+q)+1))(p”‘lq’”‘l(pq+p+q—1)—1)—i(p”q’"—1)

Example 4.10.
73 3=1{0,1,2,. 3374} , p=3, q=5, m=3, n=3, V(G)=3375

WR, =3, Y| |

~Ja.d; dj ~ G37a) 1800%(1799 —i(3374)

_ -y, 1 __1 1800 1
(2) R—l/z B A(anqm) _Zl~f [d;d; 3374 [\/(1800)(1799 —i(3374))

(3) Ry = My(Zpyngm) = ¥ ;did; = 1,214,111,631,600
Remark 4.11:
(1) The Sum-Connectivity index y defined as
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1
x(6) =Y (di+4d;)?
(2) the general Sum-Connectivity index k, defined as
ky = ky(6) = B j(d; + d))" , u €R
Theorem 4.12: Let G, (V(anqm), E(anqm)), then

1
X(Zprgm) =2 (di+d;)
3 1
=p" " g - 0+ @) + D[220 g - 0+ @) + D - Dt - 1D +
-1,m-1 -1,m-1 -
p*q" (p +g-1) (p"qm —1+p" " (pa -+ q +1) 2]-
Proof: Suppose that S = {a;, ay, ...,az},a =p" 'q™" ' (pg—(p +q) + 1),S S Zngm

a; € Zyngm, Where O(a;) = p"q™, V1 <i < a.Since every a; it is adjacent to all vertices to

Zpngm,V 1 < i < a except itself, then:

X = (d(a1) + d(a1))_E + (d(a1) + d(az))_E +oeet (d(a1) + d(aa))_E

a-times

—(d(ay) +d(ay) 2+ (d(a) +d(0)) 2+ -+ (d(ay) + d(a,p™ tq™)) 2

p"*1q™~1(p+q—1)-times

b (a0 +d(a) T+ (dag) + (@)

a-times a-times

—[(d(a) + d(al))_% + (d(ap) + d(az))_% + -+ (d(ag) + d(aa))_%]

a-times

+[(d(ag) + d(ay)) 2+ (d(ag) +d()) 2+ -+ (d(ay) + d(axp™1q™) 2|.

p"*1q™~1(p+q—1)-times

S —|

Wf-\ereA= mn+n+m-—1

now, since d(a,) = d(a,) = - =d(a,) = d(a) = p™"q™ — 1, and

d(0) = d(p) = - = d(ayp™'q™) =p" q" (pg - (p + ) + 1).

x = [(@=1D@d(@) 7 +p" g™ (p + g~ D(d(@) + @) 7 + [(a -
2)(2d(a)) 7 p" g™ (p + g — D(A(@) + @) 7|+ + (@ — @) 2d(@) 7 +p g A (p +
q—1) d@) +a) 7.

X = Q@) 2Ly (@~ i) + ap™ g™ (p + g — D)(d(@) + @) 2.

a(a—1)
—

1= a2 2d(@) 73 +pm g™ o + g - D(d(a) + @) 2]

since Y)iv, (@ —1i) =
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=p" g™ M pa - P+ @)+ 1) [2‘%(19“‘161’"‘1(1%1 — O+ - DT - DT+

1
" lq" (p + ¢-1) (phg™ — 1+ p" g™ (pg — (p + @) + 1))
Theorem 4.13.: The general Sum-Connectivity Index of G (V(anqm), E(anqm)), defined as

ku(Zyngm) = Yoy (di + ;) =p" g™ L (pq — (0 + @) + D[2* " (p" g™ L (pa-(p + @) +
D =1)@"q™ = D* +p" g™ (p + ¢-D(p"q™ — 1+ p" ¢ N (pg-(p + q) + 1)¥]
Proof: Suppose that S = {ay,ay, ..,ax},a =p"'q" (pq —(p +q) + 1),S € Zngm

a; € Zyngm, Where O(a;) = p"q™, V1 <1< a.Since every a; itis adjacent to all vertices to

Zpngm,V 1 < i < a except itself, then:

k, = (d(ay) +d(a)" + (d(a) + d(a))" + -+ (d(ay) + d(a))"

a-times

—(d(ay) +d(ap)" + (d(ay) + d(0)" + -+ (d(ay) + d(ayp™ q™)"

p*1q™m=1(p+q—1)-times

+ o + (d(aa) + d(al))# 4+t (d(aa) + d(aa))#

a-times

a-times

—{(d(ag) + d(a)* + (d(ag) + d(az))” + -+ (d(ay) + d(ax))”

a-times

+[(d(ag) + d(a))” + (d(ag) + d@)" + -+ (d(a) + d(aAp“qm))"].

| pn—1qM=1(p+q—1)-times

Where A=mn+n+m-—1

Now, since d(a;) = d(a,) = - = d(ay,) = d(a) =p"q™ — 1, and

d(0) = d(p) = - = d(ayp™'q™) =p" q" (pg - (p + @) + 1).

Ky = [(@ = D(@A(@)* +p"'q™ (p + q — 1)(d(a) + @)% + [(@ -

2)2d(@)*p" g™ (p + g — D(d(a) + )] + -+ [(@ — a)(2d(a)* +p" g™ (p +q —
1 (d(a) + a)*].

ky = d(@)* XiLi(a =) +ap™ g™ (p + q — D(d(a) + a)*.

since Y)iv, (@ —1i) = @
(a—1) 1 m-
ky = @ |=———2d(a)* +p" 1" (p + ¢ — D(d(a) + 0¥

= p" g™ (pg-(p + @) + 1) [247 2 (p" g (pa-(p + @) + 1) — 1) (p"g™-1)" +

p" g™ (p + ¢-1)(p"q™ — 1 + p" 1™ (pq — (p + q) + )]
In particular:
DWIfu=1=>k; =M, =0Q, =
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=p" g™ (g -+ )+ DIE"¢" T g -+ )+ D -DP"g" -1 +
Pt g M p+q - D™ - 1+p" g™ (pg — (p + @) + 1)).

2 — -
@ fu=-1=2k_, =Zi~jddej= le" Y g -+ + 1)

[(p”‘lqm‘l(pq—(pw)ﬂ)—1) p" g™ 1(p+q-1) ]
4(pnq™m-1) (P"qm-1+p"1qm L (pq-(p+)+DI|
1
= p" g™ (pg — (p+q) + 1) - [(p"‘lqm‘l(pq—(p+q)+1)—1) n p" g™ (p+g-1)
(V2)3/prqm-1 Vpq"-1+p" g™ 1 (pq—-(p+q)+1) ]
Example 4.14.

Z3 3=1{0,1,2, ....,3374}, p=3, g=5, m=3, n=3, O(G)=3375
()Ifp=1=k, =M, = Q, =25593976800.
Nlfu=-1=2k_ =Y, . —— =1575.739,

( ) u 1 Zl ] di+dj

G)VIf u=-1/2=k_y/5 = x(Zpngm) = % =59123.01.

1
5. Conclusions
The analysis reveals a few explicit characteristics of the group (Z,n,m) graphs, including
the Eccentric Connectivity Index, the First and Second Zagreb indices, the Sum-Connectivity
Index, the Randic Index (or Connectivity Index), and the Sum Particular Special Cases Indices
of the group (Z,nym).
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