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Introduction:

Throughout this work, the ring R is commutative ring with identity and the module Q is
unitary left R _ module. A Proper submodule T of an R _ module Q is called 2-Absorbing
if whenever uvh € T,foru,v € R,h € Qthenuh € T orvh €T or uv € [TzQ][1]. In 2018
introduced a notation of Nearly-2-Absorbing submodule, where a proper submodule T of Q is
called Nearly_2_Absorbing submodule if whenever uvh € T, for all u,v € R,h € Q, then either
uh €T +J(Q) or vheT+]J(Q) or uvH ST +J(Q)[2]. where J(Q) the intersection of all
maximal submodule of Q and a proper submodule B of an R _ module Q is said to be maximal
submodule if whenever B € £ € Q for some submodule £ of @ theneitherB = Lor L =
Q [3]. Newly precede a concept of Pseudo-2- Absorbing submodule, where a proper
submodule T of Q is called Pseudo 2_Absorbing submodule if whenever uvh € T, for all u,v €
R,h € Q, then either uh € T + soc(Q) or vh € T + soc(Q) or uv € T + soc(Q) [4]. Where
soc(Q) is the intersection of all essential submodule of Q and a non_zero submodule@Q of Q is
a essential in Q if Q N C # (0) for any non_zero submodule C of Q [5]. An R_module Q is
amultiplication if for any submodule T of Q is of the form T =1H for some ideal I of R.
The equivalent of T = [T:xQ]Q [6]. An R_module H is a faithful iff anng(Q) = (0)[7].
Finally the concept of 2-Absorbing submodule is generalized to Almost Approximaitly Nearly
Prime in (2022)[8].
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The Returns

Definition
A proper submodule T of an R_module@ is said to be Strongly Pseudo

Nearly_2_Absorbing ( for short STPN-2-A ) submodule of #, if whenever abm € T, for u,v €

R, h € Q, implies that either uh € T + (J(Q) Nsoc(Q)) orvh €T + (J(Q) Nsoc(Q)) or uv €

[T +(J(Q)Nsoc(Q))g: Q). Andideal I of a ring R is said to be STPN-2-A ideal of R if I is STPN-

2-A R_submodule of an R_ module R.

Remarks and Examples

1. Let Q =Z35 , R =Z and the submodule T =(2) is STPN-2-A submodule of Q since
soc(Z3) = (2) N (3) N (6) N Z34 = (6) and J(Z34) = (2) N (3) = (6) that is for all u,v € Z
and h € Z3, such that uvh € (2), implies that either uh € T + (J(Z36) N s0c(Z36)) = (2) +
{(6)N(6)) =(2) or vhe€F + (J(Z3s) Nsoc(Z36)) =(2)+ ((6)N(6)) =(2) or wve
[T + (J(Zze) N soc(Z36))R:Z36] = 2Z. That is 2.1.1 € (2), impliesthat 2.1 =2 € (2) or
2.1 =2 € [F + (J(Zs6) N 50¢(Zss)) 1 Zao| = 22.

2. Itis clear that any 2_Absorbingsubmodule of an R_ module Q is STPN-2-A but the opposite
is untrue for instance:

Let Q =Z3, , R =7 and the submodule T = (12) is STPN-2-A submodule of Q since

soc(Z3g) = (2) N (3) N (6) N Z34 = (6) and J(Z3¢) = (2) N (3) = (6) that is for all u,v € Z and

h € Z35 such that uvh € (12), implies that either uh € T + (J(Z36) N soc(Zse)) = (12) +

(6) N (6)) = (6) or vh € T + (J(Z36) N s0c(Z36)) = (12) + ((6) N (6)) = (6)oruv [T +
(J(Z36) nsoc(Z36))R:Z36] = 6Z. That is 6.2.1€(12), implies that 6.1=6€T +
(J(Zs6) N s0¢(Z36)) = 6 € (12) + ((6) N (6)) = (6) and 62 =12 €T + (J(Zs) N
soc(Z36))R:Z36] = 6Z. But T = (12) is not 2_Absorbing submodule of H, since 2.3.2 € (12),

but2.2 & (12)and 3.2 ¢ (12) and 2.3 & [(12);Z3¢] = 12Z.
3. It is visibly every STPN-2-A submodule of @ is Nearly_2_Absorbing submodule but the
opposite is untrue for instance:

Let Q = Z,5, R = Z and the submodule T = (24) is Nearly_2_Absorbing submodule of Q since
soc(Z,g) = (2) N {(4) N (8) = (8) and J(Z,5) = (2) N (3) = (6) that is for all u,v € Z and h €
Z,g such that abm € (24), implies that either uh € T + (J(Z45)) = (24) + ((6)) = (6) or vh €
T + (J(Z4g)) = (24) + ((6)) = (6). That is 2.4.3 € (24), implies that 2.3 = 6 € F + (J(Z4g)) =
(24) + ((6)) =(6) and 4.3=12€T+ (](248)) = (24) + ((6)) = (6). But T =(24) is not
Nearly_2_Absorbing submodule of @, since 2.4.3 €(24), but 2.3 & (24) + (J(Z4s) N

soc(Zug)) = (24) and 4.3 ¢ (24) + (J(Z4g) N s0c(Zyg)) = (24) and 2.4 ¢ [(ﬁ)+(](z48)n

50C(Zsg)) 1 Zag| = 242.
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4. It is visibly every STPN-2-A submodule of Q is pseudo_2_Absorbing submodule but the
opposite is untrue for instance:

Let Q = Zg, , R = Z and the submodule T = (30) is pseudo_2_Absorbing submodule of Q
since soc(Zgy) = (2) N Zgo = (2) and J(Zg) = (2) N (3) N (5) = (30) thatis forall a,b € Z and
m € Zg, such that abm € (30), implies that either am € T + (soc(Zg)) = (30) + ((2)) = (2)

or ab € [T + (soc(Zﬁo))R:Zm] = 2Z. That is 2.3.5 € (30), implies that 2.5=10€ T +
(soc(Zso)) = (30) + ({2)) = (2) and 2.3 € [T + (soc(Z60))R:Z60] = 2Z. But T = (30) is not
STPN-2-A submodule of H, since 2.3.5 € (30), but 2.5 & (30) + (/(Zso) N s0c(Zep)) = (30)
and 3.5 & (30) + (J(Zgo) N soc(Zgy)) = (30) and 2.3 ¢ [(%) + (J(Zso) N soc(ZGO))R:ZGO]. =
30Z.

5. The intersection of two STPN-2-A submodule of an R_module H need not be an STPN-2-A
submodule . The next instance explicate:

Consider the Z_module Zg, and the submodule £=(5) and Q=(6) are STPN-2-A submodule of
the Z_module Z4, (because (5) and (6) are 2-Absorbing of Z,, ), but L N Q = (30) is not STPN-
2-A, (see remark and example 4).

6. If T is an STPN_2_Absorbing submodule of an R_module @, then [T ;Q] need not to be an
STPN-2-A idealof R, the next instance explicate that:

Consider the Z-module Z,,, the submodule T = (36) is an STPN-2-A submodule of the
Z_module Z;,, since 3.3.4 € (36), implies that 3.4 € (36) + (J(Z;,) N soc(Z;,)) = (36) +
((6) N (12)) = (6), but [(36)3Z;,] = 36Z is not to be an STPN-2-A ideal of Z, because 3.3.4 €
36Z,but 3.4 ¢ 36Z + (soc(Z) N J(Z)) = 36Zand3.3 ¢ [(%) +(J@n soc(Z))R:Z60] = 36Z.
Proposition

A proper submodule T of an R _module Q is STPN-2-A submodule of Q if and only if forany
u, v €R such that uv ¢ [T+ (J(Q) Nnsoc(Q))g:Q] we have [T 0 uv] c [T + (](Q) N

soc(Q))Q:u] U [T + (](Q) N soc(Q))Q: v].
Proof

(=) Suppose that T is STPN-2-A submodule of } and let e e[T:quv ], then uve €T,
and uv [T + (J(Q) Nnsoc(Q))g:Q]., it follows that either ue €T + (J(Q) N soc(Q)) or
ve eT + (J(Q) Nsoc(Q)) (for T isa STPN-2-A). Thus either e € [T +J@n soc(Q))Q:u]

or e€[T+(J(Q) Nsoc(Q)g:v]. Hence ee [T +(J@n soc(Q))Q:u] U [T +(@n
soc(Q))Q: v]. Therefore [TQ uv] c [T + (](Q) N soc(Q))Q: u] U [T + (](Q) N soc(Q))Q: v].

(<) Letuve €T foru,v € R, e € Q and suppose that uv € [T + (J(Q) Nnsoc(Q))g:Q].
Then by our hypothesis e€[T:;quv S [T + (](Q) N soc(Q))Q:u] U [T + (](Q) N

soc(Q))Q: v]. It follows that e € [T + (](Q) N soc(Q))Q:u] U [T + (](Q) N soc(Q))Q: v]. That

is either ue e T + (J(Q) N soc(Q)) or ve €T + (J(Q) N soc(Q)). Therefore T is STPN-2-A
submodule of Q.

Proposition
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A proper submodule T of an R _module Q is STPN-2-Asubmodule if and only if uvl < T,
for u,v €R and £ is a submodule of @, implies that either uL S T + (J(Q) N soc(Q) or

vL €T+ (J(Q) Nnsoc(Q)oruv € [T+ (J(Q)Nsoc(Q))g:Q].

Proof

(=) Let T bea STPN-2-A submodule of Q and uvL < Tfor u,v e R , L isa submodule
of Q. Suppose that uv £ [T + (J(Q) Nsoc(Q) z:Ql,ul € T+ (J(Q) Nnsoc(Q)) andvL €T +
(J(Q@) Nnsoc(Q). Then3I ey, e, € Lsuchthatue; €T + (J(Q) Nsoc(Q)) and ve, €T + (J(Q) N
soc(Q)). Yetuv €T and uv [T + (J(Q) Nsoc(Q)r:Q], then e; € [T:puv] S [T + (J@)n

soc(Q)) Q:u] U [T + (J(Q) nsoc(Q)) Q:v], implies that e; € [T + (J(Q) nsoc(Q)) Q:u] U
[T + (J(@) Nn'soc(Q)) o: v]. But uve; € Tand ue,T + (J(Q) N soc(Q), thatis e; & [T +J@)n
soc(Q) Q:u]. Thus e; € [T + (J(Q) Nnsoc(Q) o: v], that isve; € T + (J(Q) N soc(Q). So since
uve; ET and wv [T+ (J(Q) Nsoc(Q)) g:Q] and ve, € T+ (J(Q) Nsoc(Q) and e, &
[T+ (J(Q) Nnsoc(Q) ¢:v]-Thus e, € [T+ (J(Q) Nsoc(Q))g:u], it means that ue, €T +
J@) nsoc(Q)). Yetuv (e, + e;) €T, and uv g [T+ (J(Q) Nsoc(Q))r:Q], wuv(e; +
e;) € T, implies that (e; + e;) €[T:puv]. It follows (e, + e;)€E [T+ Jg)n
soc(@)g:u] U [T+ (J(Q) nsoc(Q))g: v]. That is either u(e; + e,) € T+ (J(Q) Nsoc(Q))
or v(e; + e;) ET+ (J(Q)Nsoc(Q)). If u(e; + e;)=ue; + ue, €T+ (J(Q) Nsoc(Q))
and ue, €T + (J(Q) Nnsoc(Q)), then ue; € T + (J(Q) N soc(Q)) which is a contradiction. If
vie; + e;)=ve; + ve, €T+ (J(Q)Nsoc(Q)) and ve; €T + (J(Q) Nsoc(Q)), then ve, €
T + (J(Q) nsoc(Q)) which is a contradiction. Hence either ufl ST + (J(Q) N soc(H)) or
vL €T+ (JH)Nsoc(H))oruv € [T+ (J(H) Nnsoc(H))g: H].

(<) let uve€T for u,v € R,e € Q,that is uv(e) ST, hence by hypothesis either
u(e) € T+JW@Q)Nnsoc(Q) or u(e) €T+ JW@Q)Nsoc(Q)) or uv € [T+JWQ)N
soc(Q))g: Q]. That is either ue € T + (J(Q) N soc(Q)) or ve € T + (J(Q) N soc(Q)) oruv €
[T + (J(Q) Nnsoc(Q))g: Q]. Hence T is STPN-2-A submodule of Q.

Proposition

A proper submodule T of an R_ module Q is a STPN — 2 — A submodule of @ if and only if
IJL cT for some ideals I, ] of R and some submodule £ of Q, implies that either IL S T +
J@ nsoc(@)or JLS T+ (J(Q)Nsoc(Q))orl] < [T+ (JQ)Nsoc(Q)) r: Q]

Proof

(=) Let if I[JLc T for some ideals I, ] of R and some submodule £ of Q with IJ &
[T+ (J(Q)Nsoc(Q))g:Q]. To show that ILS T+ (J(Q)Nnsoc(Q)) or JLST+ (J(@)N
soc(Q)). Assume that ILZ T+ (J(Q)Nsoc(Q)) and JLZ T + (J(Q) Nnsoc(Q)), that is 3
a, €1 and a, € ] suchthat 4L € T + (J(Q) Nsoc(Q)) and a,L £ T + (J(Q) N soc(Q)). Yet,
a; a,L < T,and T is STPN-2-A submodule of Q,then a;£L S T + (J(Q) Nnsoc(Q)) ora,L <
T+(J(Q) Nsoc(Q)) ) or a;a, € [T+ Q) Nsoc(Q) z:Ql. Since IJ & [T+ (@) N
soc(Q)) z:Q], 3 by €1 and b, €] such that b; b, € [T + (J(Q) Nnsoc(Q)) g:Q]. But
by b,L < T and T is STPN-2-A submodule of Q, and b; b, € [T + (J(Q) N soc(Q)) g:Q], then
either LS T + (J(Q) Nnsoc(Q)) or b,L ST+ (J(Q) Nnsoc(Q)).

State(1): If bL<S T+ (J(Q) Nnsoc(Q)) and b,LZL T+ (J(Q) Nnsoc(Q)). Since a; bbLc T
and b,LZT+ (JQ)Nsoc(Q)) and aLEZT+ (J(Q)Nsoc(Q)), so that by proposition
(24) a; b, € [T+ (J(Q)Nsoc(Q)) g:Q]. Since bhLS T+ (J(Q) nsoc(Q)) and a; LE T +
J@) nsoc(Q)) we get (a;+b)LZT+ (J(@Q)Nsoc(Q)).On the other hand (a; +
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b))b,L ST and T is STPN-2-A, and (a; + b)) LE T+ (J(Q) nsoc(Q)), b,LZT+ (J(Q)N
soc(Q)), then by a bove proposition (a; + b;)b, = a;b, + b1b, € [T + (J(Q) N soc(Q)) r:Q].
But a; b, € [T+ (J(Q) Nnsoc(Q)) :Q], it follows that b; b, € [T + (J(Q) N soc(Q)) r:Q],
which is a contradiction.

State(2): If b,bL S T+ (J(Q) Nnsoc(Q)) and byLE T+ (J(Q) nsoc(Q)), by similar steps of
state (1) we get a contradiction.

State(3): If byLS T+ (J(Q) Nnsoc(Q)) and b,L ST+ (J(Q) Nnsoc(Q)), since b,LST +
J@) Nnsoc(Q)) and a, L E T + (J(Q) Nnsoc(Q)) , we get (a, + b)) L E T + (J(Q) Nnsoc(Q)).
But a,(a, + b,)L ST and T is STPN-2-A with a, L € T + (J(Q) N soc(Q)) and (a, + b,)L &
T+ (J@Q)Nnsoc(Q)) we get aq(a,+by) €T+ JQ)Nsoc(Q)) g:Q]. Since a;a,€
[T+ (J(Q)Nsoc(Q)) r:Q] and aqa, +a.b, € [T+ (J(Q) Nsoc(Q)) g:Q], implies that
ab, € [T+ (J(Q) Nnsoc(Q)) r:Q]. Yet , since (a;+b)a, €T and a,LZ T+ J@)N
soc(Q)) and (a; +b)LZL T+ (J(@Q)Nsoc(Q)) and T is STPN-2-A, then we get
(a1 + by)ay € [T + (J(Q) Nsoc(Q)) g:Q]. But (a; +by)a, = aia; + bia, € [T+ (J@)N
soc(Q)) g:Q] and since a; a, € [T + J(H) Nnsoc(H)) g:H], we get bia, € [T+ (JH)N
soc(H)) gr:H]. Since (a; + by)(a, +b,)LEST and (a; +b)L LT+ (J(H) Nnsoc(H)) and
(ay +b)LLET+ (J(H)Nsoc(H)), we have (a,+ by)(a,+by) =aja, +a,b, + bja, +
bb, € [T + (J(Q) Nnsoc(Q)) g:Q].Buta,a,, bia, a;b, € [T + (J(Q) Nsoc(Q)) g:Q], so we get
bb, € [T + (J(Q) Nnsoc(Q)) g:Q] which is a contradiction. Consequently IL S T + (J(Q) N
soc(Q)) orJL S T + (J(Q) nsoc(Q)).

(<) uvl € T,for u,v eR, Lissubmodule of Q, that is (u) (v) LT, hence by hypothesis
either (W LS T+ (J(Q)Nsoc(Q)) or WLCSTH+ (JQ)Nsoc(Q)) or uve [T+ J@Q)N
soc(Q)) g:Q]. Thatiseitherul € T + (J(Q) Nsoc(Q)) orvL €T + (J(Q) Nsoc(Q)) or uv €
[T + (J(Q) Nnsoc(Q)) g:Q]. Therefore T is STPN-2-A submodule of Q.

From the proposition, we get the following result.

Corollary

A propersubmodule T of an R_module Q is STPN-2-Asubmodule of Q if and only if I Je € T
for some ideals I, J of R and e€ Q, implies that either Ie € T + (J(Q) N soc(Q))or Je € T +
J(@) nsoc(@))or I] < [T + (J(Q) Nsoc(Q))g: Q]

Lemma|7,lemma (2.315)]

Let £ ,Qand B be submodule of an R_module Q with Q<B .Then (£L + Q) N B =
(LNB)Y+Q=(L NB)+ (Qn B).

Proposition

Let T, £L be STPN _2 _Absorbing submodule of an R _ module Q with L is € T and either
J(Q)Nnsoc(Q) € Tor J(Q)Nnsoc(Q) € L. Then T N L is STPN-2-A submodule of Q.

Proof

T n L is aproper submodule of L and L is a proper submodule of Q, impliesthat T N £
is a proper submodule of Q. Suppose J(Q)Nsoc(Q) €L and J(Q)Nsoc(Q) € F.Let
uvA < T n L for u,veR, Aisasubmodule of Q, it follows that uvA < T and uvA c L.
But T, £ are STPN-2-A submodule of @, then either uAc T + (J(Q) Nsoc(Q)) or VACT +
J(@) Nnsoc(Q))oruvQ T + (J(Q) Nnsoc(Q)) and uAc L + (J(Q) nsoc(Q)) or VAL +
J@) nsoc(Q)) or uvL T+ (J(Q)Nnsoc(Q)). Thus either uAc (T + (J(Q) Nnsoc(Q))) N
(L +0J@ nsoc(@)) or  vAC(T+(J@ Nsoc(@)))N(L +(J@)Nsoc(@Q)))  or

95



uwH < (T +(JQ) nsoc(Q) )N (L +J@)Nnsoc(Q))). But J(Q)Nsoc(Q) < L then L+
J@)nsoc(Q)) =L, it follows that either uAcT + (J(Q) Nsoc(Q))NL or VACT +

Jg@)nsoc(Q))nLoruvQcT + (J(Q) nsoc(Q) ) N L. By a bove lemma either uAc (T N
L)+ J@ nsoc(@))or vAc(TN L)+ (J@) Nsoc(Q)) or wH (T nL)+JQ@)N
soc(Q) ). Therefore T N £ isa STPN-2-A submodule of Q.

Lemma|9, remark, p 14]
If Q is a faithful multiplication R_module, then J(Q) = J(R)Q.

Lemma [10, coro.(2.14)(i)]

Let Q be a faithful multiplication R_module, soc(Q) = soc(R)Q

Proposition (2.11)

Let Q be a faithful multiplication R_module and T be a proper submdule of Q. Then T is
STPN-2-A submodule of Q ifand only if [T:; Q]is STPN-2-Aideal of R.

Proof

(=)Let I, I, I3 c [T:g Qlfor I, , I, ,I5 are ideals ofR, it follows that I, I, I Q< T .But Q is
multiplication, then I, I, I5Q = K; K, K3 € T, by taking K; = ,Q, K, = I, Q and K; = I3 Q.
But T is a STPN-2-A then either K; K3ST + (J(Q)Nsoc(Q))or K K3 T +(J(Q)Nn
soc(Q)) or K; K, €T + (J(Q) nsoc(Q) ). But Q is a faithful multiplication, then by a bove
Lemmas Toc( Q) = Toc(R)Q,and J(Q ) = J(R)Q. Thus either I, I5 QT:x Q]Q + J(R)Q N
soc(R)Q) or I I; QT Q1Q + J(R)Q N'soc(R)Q) or I I, QcT:x Q]Q + J(R)Q N soc(R)Q).
That is either I, I3 ST:x Q]+ (J(R) Nsoc(R)) or I, 13 T:x Q1+ (J(R) Nsoc(R)) or
I I, ATz Q1 + (J(R) N soc(R)) = [[T:R Q1+ (J(R) N soc(R)):x R]. Therefore  [T:z Q] is
STPN-2-Aideal of R.

(<) Let [ I, K< Tforl,,I, areideals of R,and K € Q. Since Q is a multiplication, then
K =15 Q for some ideal I; of R. Thatis I; I, I3Q < T, it follows that I, I, I5 € [T:; Q]. But
[T:r Q] is a STPN-2-A ideal of R, then either I, I35 T:x Q]+ (J(R) Nnsoc(R)) or

I I T Q1 + (J(R) N soc(R)) or I I, clT:2 Q1 + (J(R) N soc(R)) = |[T:x Q] +

(J(R) nsoc(R)):g R]. Thus either I; ,QT:z Q1Q + (J(R)Q N soc(R)Q) or I, I; QT:z Q]Q +
(JR)Q Nnsoc(R)Q) or I, I, QoT:xQ1Q + J(R)Q nsoc(R)Q). Since Q is a faithful
multiplication, then by a bove Lemmas Toc(Q) = Toc(R)Q, and then J(Q) = J(R)Q. It
follows that either L KST+ (J(Q)Nsoc(Q)) or LKST+ (J(Q)Nsoc(Q)) or
L L [T+ (J(Q)Nnsoc(Q)) :g Q] Therefore T is STPN-2-A submodule of Q.
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