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Introduction:

The concept of general topological spaces, their types, and basic concepts were introduced
by Step by Step [1]. The theory of intuitionistic fuzzy sets was examined and developed more
on fuzzy sets [2,3]. The concept was used to define intuitionistic sets and on intuitionistic
gradation of openness by Coker [4,5,6].

In [7] presented some types of compactness in double topological spaces. Generalization of
the concept of double set was first introduced by Kandil, Tantawy, and Wafaie on flou
intuitionistic topological spaces and compact space [8,9]. Also introduced the concept of
generalized closed sets in topology and investigated basic properties of generalization closed
set by Levine [10]. He explains pairwise compact in intuitionistic double topological spaces in
[11]. After presentation of the operations on submaximality intuitionistic topological spaces
[12]. The fuzzy concept has invaded almost all branches of mathematics ever since the
introduction of fuzzy sets by Zadeh [13]. The goal of this paper is to introduce a new class of
space in (DITS) namely Double intuitionistic compact space which is between the class of
Double intuitionistic open cover, Double intuitionistic compact subspace and Double
intuitionistic finite intersection property, we also study the basic characteristics and qualities
related to these types and the relationships between them.

Preliminaries
We recall the following definitions, which are needed, in our work.
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Definition 2.1 [4],[5] Let X # @, and let B and D be intuitionistic set (IS, for short) having the
form B = (x, By, B,), D = (x, D;, D,) respectively. Also, {B;:i € I} be an arbitrary family of IS
in X, where B; = (x, Bi(l), Bi(z)), afterward:

1)0=(x,0X);X=(xX,0)

2)B€Diff B Dyand D, 2 B,.

3) B € =(x, By, By).

#)uB; = (x, uB®, nB®), nB; = (x, nBY, uB®).

5B—-D =Bn D-.

6) B=DifandonlyifB € DandD CB.

Definition 2.2 [4],[6] Let X be a non-empty set, an intuitionistic set B (IS, for short) is an object
having g the form B = (x, B;, B,) where B, and B, are disjoint subset of X. Then B;is called set
of members of B, while B, is called set of nonmembers of B.

Definition 2.3 [12],[2] An intuitionistic topology (IT, for short) on a non-empty set X, is a
family T of IS in X containing @, X and closed under arbitrary unions and finitely intersections.
The pair (X, T) is called ITS.

Definition 2.4 [9] Let X #0 .

1) A Double-set (D- set, for short) 4 is an ordered pair (A1, 42) € p (X) X p (X) such that
A CA,.

2)D(X) ={(A1A2)€ep (X) X p(X), A1 € A2} is the family of all D-setson X .

3) The D-set X = (X,X) is called the universal D-set, and the D-set @ = (@,0) is called the empty
D-set.

4) Let 51, n2 € p (X). The product of n1 and 12, denoted by n1 x n2 defined by 51 %52 = {(41, A2) :
A1 En1, A2 €z, A1 € A2}

5) Let A = (A1, A2); G = (G1, G2) €D(X): 1) (A°) = (A%, A%) where A® is the complement of A .
2)A-G=(A1- G2 A2- Ga)

6) The double set_ A = ((A1, A2) is said to be a finite double set if A> is finite set.

7)) If{Az:a € A} €D (X) such that Az= (A1z, A2z ), then U 4 cp Az= (U gep A1, U gep A2z)
and N geq A= (N gep Aza, N geq Aza) .

Definition 2.5 [9] Let X be a non-empty set. The family n of D-sets in X is called a double
topology on X if it satisfies the following axioms:

Q) 0 . Xe€En

b)If A, G enthenA NG €y,

c) If{Az:z € Z}< 5, then U ,c; Az € 5. The pair (X, 1) is called a DTS. Each element of 1 is
called an open D-set in X . The complement of open D-set is called closed D-set.

Definition 2.6 [9] Let X be a non-empty set defined by:

1) IN (X) = { @, X}, then IN is a Double topology on X and is called indiscrete Double topology.
(X, IN) is called indiscrete Double space.

2) dis (X) = p (X) X p (X) (power set of X's), then dis is a Double topology on X and is called
discrete Double topology. (X, dis) is called discrete Double space.

Definition 2.7 [1] A topological space (X, n) is said to be compact space if every open cover of X
has a finite sub-cover.

Definition 2.8 [8] Let (X,n) be a double topological space and let A € D(X). A collection O =
{Ga a eA} €D(X) is said to be a double cover (D-cover, for Short) of Aif ACU ¢4 Ga IfOC
n, then Q is called double open cover (D-open cover, for short).
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Definition 2.9 [8] A double topological space (X, n) is said to be a CD-compact space if for every
double closed set F and for every D-open cover O of F has a finite sub-cover.

Definition 2.10 [7], [11] A double topological space (X, n) is said to be D-compact space if every
D-open cover of X has a finite sub-cover.

Definition 2.11 [9] Let (X, ) be a DTS and Y be a non-empty subset of X. Then, ny={g NY: g €
n and Y = (Y, Y)} is a double topology on Y. The DTS (Y, ny) is called a double topological
subspace of (X, n) (DT-subspace, for short).

Definition 2.12 [7] Let (X, n) be a double topological space. The collection V =Ha : @ € A} ©
D(X) is said to have the finite intersection property (FIP, for short) if for every finite sub-collection
{Hai:i=12.,n}of A,wehave N"_ Hoi# 0.

Definition 2.13 [4] Let X nonempty set, W € X a fixed elementin X, and let M = (x, M;, M,)
be an intuitionistic set (IS, for short). The IS W defined by W= (x, {W},{W}) is called an
intuitionistic point (IW, for short) in X.

3- Double intuitionistic compact space in DITS

In this part, we introduce and study the idea of a new type of Double compactness defined in terms
of Double intuitionistic topological spaces(X.W). Calling Double intuitionistic compactness.
Finally; we investigate its results with compactness among other things.

We start this section by the following definitions.

Definition 3.1 Let X be a non-empty set.

1) A Double intuitionistic set (Double I-set, for short) is an ordered pair (Q,D) = ({x,Q;,Q3),
(x,D;,D,)) € pl(X) X pl(X)suchthat Q < D.

2) Doublel (X)={(Q,D) € pI(X) xpl(X),Q < D}isthe family of all Double I-sets on X.

3) Let¥:1, ¥, Cpl(X). The Double product of W1 and W2, defined by ¥1x ¥, ={(Q,D):Q€ ¥ 1
,DEW,,Q € D}.

4) The Double I-set (Q, D) is said to be a finite Double I-set if D is finite Double I-set.

5) The Double I-set ({(x,X,® ),(x,X ,®)= (X .X) is called the universal Double I-set, and the
Double I- set, (3,8) = ({x, @, X ), (x,®, X )) is called the empty Double I-set.

6) Let (Q,D),(C,H) € Double I(X):

1) (Q,D)°=(D" Q°) = ({x,D1,D;)¢,{x,Q1,Q2)°) = ({x, Dy, Dy1),{x,Q2,Q1)).
2) (Q, D)\ (C,H) = ((Q\ H), (D\ C ))= ({x,Q1,Q2),(x, D1, Do)\ (Ux, €y, Cp), (x, Hy , H)) =
({x,Q1,Q2) \ {x,Hy , Hz) ), ({(x, D1, D2) \ {x,Cy, C2) ) .

7) 1f{(Q1z,Q2z22) :@ € A} SDoublel (X),then U, s (Qiz, Q22) = < x,Ugep Q1a,Ngep Qza>
and Ngep (Qia,Qz22) =< x, Ngeyg Q12,Ugeq Qz2>. Each element of W is called a Double
intuitionistic open set (DIOS, for short) in X. The complement of DIOS is called a Double
intuitionistic closed set (DICS, for short).

Now, we want to introduce the next important theorem to construct the Double intuitionistic
topological spaces.

Theorem 3.2 Let X# @ ,then the family T of all Double intuitionistic open sets in X is Double
intuitionistic topological spaces (DITS).

Proof Let (X, T) be intuitionistic topological spaces (ITS), then:

1) 0=(x,0,X),X=(x,X,0) €T, (@,0),(X,X)€DITS.

2) Let (Q D), (C, H) eDIT, @ D, C, He IT. Since IT is intuitionistic topology, then ¢Qn D € IT

andC n HeIT. Now, let X = (Q,D) andW = (C,H), (X, W)= ((Q, C), (D, H)) e DITS.
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3) Let (Qg,Ds) be a family of IS and s € S and (Qs,Ds) € DIT , Q,,Dgs€ ITS, since IT is
intuitionistic topology, then Uses Qg€ T and Uges D€ IT. Thus Uges (Qs, Dg) € DIT. Therefore,
(X, T) is Double intuitionistic topological spaces.

Definition 3.3 Let (X,W¥) be a DITS. A family (04,0;,) = {(G12,G2) : « € A} < Double I(X) is
said to be a Double cover of X if (X,X) = U, e (G 14, G 22). If (04, 0,) is finite and Double cover X,
then (04, 0,) is called a finite Double cover of X. If (0,0,) € ¥, then (04, 0,) is called Double
intuitionistic open cover (Double 1-open cover, for short). If (04,0,) < ¥¢, then (04, 0,) is called
Double intuitionistic closed cover (Double I-closed cover, for short).

Definition 3.4 Let (04,0;) = {(G12,G 22): @« € A} be a Double cover of X and {(B, Bz): j €/} be
a subfamily of (04,0,) and Double cover X, then {(Bz ,Bz): j €/} is called sub cover
from (04, 0,).

Definition 3.5 A Double intuitionistic topological spaces (X,W¥)is called to be Double
intuitionistic compact space (Double I-compact, for short) if every Double I-open cover (04, 0,) =
{(G1z ,G22): @ € A} of X has a finite sub cover.

Example 3.6 Let X = {mnr} ; ¥ = {(@,0),(X.X),(Ve,V1),(V2,V,)} where (V,V;) =

(x, {m}, {n,7}), (x,{m},{n,7})) and (V,,Vo)=(x,{n,r},{m}),(x,{n,7},{m})).Take C;=

{(Vy, V1), (V,,V,)} is Double 1-open cover for X and it’s a finite sub cover of X , so this
Double cover satisfy the definition of Double I-compact space. Now, we introduce all Double
I-open cover for X as follows : C,= {(3,8), (X.X), (V1,V1)};C3= {(@,8), (X.X), (Vo,V,)} ;
C={(@.9).(X.X),(Vi, V1), V2, V)3 =¥ 5 Cs={(X.X), Vi, )} 5 Co={ (X.X).(Vo,V2)} ;
C,={(X.X),(V, V1), (Vo, V2)} 5 Cs={(@,0),(X.X)} ; Co={(X,X)}. In addition, every Double
cover of them has a finite sub cover. Hence (X, ¥) is Double I-compact.

Remark 3.7

1) If W is finite set, then (X, W) is Double I-compact space, so every Double I-open cover

has a finite sub cover. Special case: (X, IN) is Double I-compact space for any X (finite or in
finite).

2) If W is infinite set, then (X, dis) is not Double I-compact space, since the Double I-open
cover (04,0;,) = {(p,p);(@,p) € X} has no finite sub cover. If X is finite, then (X, dis) is
Double I-compact space (by remark (1)).

Proposition 3.8 Let (X, ¥) be a Double I-compact space. Then every Double I-closed set is
Double I-compact.

Proof Let (X,%) be a Double I-compact space, (Q, D) be a Double I-closed set and let the
collection (04,0;,) ={(G1z,Gz22): @ € A} ¥ be a Double I-open cover of (@, D), so (@, D)

€ Ugen(Gi1a,G22). Since (Q, D) © is Double I-open set, so that (X,X) = (D) U (Q D) ¢

S Uyen(Gia,G22) U (Q D) 50 (X.X) = Ugyen(Gia,G22) U (Q D). Since (Gie ,G22) E W,

Va e AA(Q D)° e W (since (Q, D) is Double I-closed set) , {(Giz.G22): @« € A} U{(Q, D) °}

is Double I-open cover of X. Since (X, W) is Double I-compact, thus there exist @z, az,..., an

; (XX) = (UT_(Giey ,G24)) U{(Q D)} But (@ D) € X (Q D) € (U"_(Giey ,G24)) U

{(@ D)%} Since (@, D) N (@, D) °=(3.8), (& D) €T (G1a,G 2a).

Therefore (Q, D) is Double - compact.

The converse of the proposition may not be true in general as shown by the following
example:

Example 3.9 Let X={73}; ¥ ={(@.9),(X.X),(Ky, X), (K, Kf), (B, K£)} where (Ky, X) =

(x, {1}, (3}, (%, X, 8)) , (K1, K)= ((x,{3}, {1}), (x, {3}, {1})
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and (@, K{)=(x, 8, X), {x, {3}, {1})). Take C;= {(Ky, X), (K{, K{)} is Double I-open cover for
X and it is a finite sub cover. Then (X, W) is Double I-compact. Now, let (K7, Ky) has a
Double I-compact, but it's not Double I-closed, because, (K$,K7)¢=

(% {1}, 8, (x {1}, {3}) ¢ ¥.
Theorem 3.10 Let (X,¥) be DITS. Then (X,¥) is Double I-compact if and only if (X, T;) is
I-compact where T; = {Q: (Q, D) € ¥}.
Proof Let (X, ¥) be a Double I-compact space and let 0,= {(Gz: @ € A} < T,be an I-open
cover of X or X =U, ¢4 G1e. Then the family (04,0,) = {(G1z,G22): G2 € Ty;a € A}isa
Double I-open cover of X. Since (X, W) is Double I-compact, then there exists a finite sub
cover {(G1aj,Gzj): j =1, 2..n} € (04,0,) of X, so (X,X) =u 1=1(Giaj , G2aj). SO{g1aj: |
=1,2...,n} €04 is afinite sub cover of X. Thus (X,T;) isa T; I-compact.
Conversely: Let (X,T;) is an T; I-compact, let (04,0,) = {(G12,Gz22):x € A} € ¥ he a
Double I-open cover of X, s0 (X,X) = Uy e4 (G 12, G 22). Since for every (G 1«, G 22) in (04, 0;)
there exist Gia ,G2:€ pI(X) and Gi1a S Gz. such that (Giez,Gz22). Then X=U, ¢, Gia the
collection 01={G 1z: (G12,G 22) € (04,0,)} € 04 is a T, 1-open cover of X, but (X, T;) is Ty
I-compact, then there exists a finite sub cover {Gij: j =1,2...n} €0, such that X
= U™ G j . Now since Gigj S Gz then UT_ GigSUT_| Gz Hence X.X)
= ?:1 G149, U }1=1 G2zj) = U ;lzl(Gm,- , G 2zj). Therefore (X,%) is Double I-compact.
Theorem 3.11 Let (X,%¥) be DITS. Then (X,%) is Double I-compact, then (X,T3) is I-
compact where T; ={Q:( @ X) € ¥}.

Proof Let (X, ¥) be a Double I-compact and let O = {(Gz:a € A,(G2,X) € ¥}< T; be an |-
open cover of X, s0 X =U, ¢4 Ge. Then (X,X) = Ugea (G, X). Thus, the collection (04, 0,)
={(G«,X): G € 0} isa Double 1-open cover of X. But (X, W) is Double I-compact, then there
exist a finite sub cover {(G«j,X):j =1, 2..., n} € (04,0,) of X, so (X,X) = Ut (Gej, X ),
X=u }1:1 G «j . Therefore (X,T3) is I-compact.

Theorem 3.12 Let (X,¥) be DITS. Then

a) ¥:1={(C Q. (€DeV¥}

b) w-={(D D), (Q D) € ¥} are Double intuitionistic topologies on X.

Proof a) Since (8,8), (X.X) €¥, (8,0), X.X)e¥ 1 Let (Q Q), (U, U)) € ¥1, so there exist D, V€
pl (X)suchthat (Q D), (U NeW,(QnU, DNV e¥,(QnU, Qnl) €¥;.Thus(Q Q) n (U, U)
eV let{(Qz, Qr):a € A}SW¥, so for each Q« there exist @~ € pl(X) such that (Q<,, D2) €
Y, {(Qaz,Dz):x € A} W . Hence Uy ey (Qa, D2) E¥.S0 Uy ep (Qa, D) S W 1. Therefore W1 is
Double I topology on X.

b) AS same way (a).

Theorem 3.13 Let (X, W) be DITS. Then (X,¥) is an W-Double I-compact if and only if (X,
Y1) is a W1 Double I-compact.

Proof Let (X, ¥) be an W-Double I-compact, let (04,0;) = {(G1z,G12): @ € A} ¥ 1be ¥,
Double 1-open cover of X, so (X,X) = Uy ¢4 (G 1z , G 12). For each G 1. there exists G 2. € pl(X)
such that (G 1« ,G12) € (G1e,G22) €W , thus (X,X) = U, es (Gie , G 22). Hence the collection
{(G1z,Gz22):x € A} W isan W Double I-open cover of X, then there exist a finite sub cover
{(G1a ,Gz2z j): j =1, 2..0}E {(Gi1z ,G2z ):x € A} of X, (X,X) = U;.lzl (Gi4 ,Gz4), X
=UT Giaj, X,X)=u %1 (G14, G 1) . Therefore (X, W1) is a W1 Double I-compact.
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Conversely: Let (X, W1) be a W1 Double I-compact, let (04,0,) = {(G1e, G22): @ € A} C¥
be an W Double I-compact, so (X,X) = Uy ey (Gie ,G22). Then X = Uyeq Gz , (X,X)
=Ugea(G1a ,G22). Thus the collection {(G12,G 12): @« € A} €¥W1 be an W1 Double I-open
cover of X , then there exist a finite sub cover {(Gizj ,G1zj) : ] =1,2..N} €{(G12,G1z): @ €
A} of X, (X,X) =u i1 (Giaj,Giaj), (X,%) =u i1 (Giaj,Gzaj). Therefore, (X,¥) is an ¥
Double I-compact.
Theorem 3.14 Let (X, W) be DITS. Then (X, W2) is a W2 Double I-compact if and only if (X,
T2) is an T, I-compact.
Proof Let (X, W2) be an W, Double I-compact, let 0, = {G2- @ € A}< T, be an T, I-open
cover of X, 50 X =Ug g Gze. Then (X,X) = U, ep (G22, G 22) . Thus the collection (0,,0,)
={(Gza,G22): Gzo €05} S Y¥2-is an W2 Double I-open cover of X, then there exist a finite sub
cover {(Gzzj ,Gz2zj):j=1,2,...nN}& ¥ of X, so (X,X)=u ;lzl (Gz2zj,Gzaj), X =VU ?:1 G 24 -
Therefore, (X, T,) isa T, I-compact.
Conversely: Let (X,T,) be a T, I-compact, let (0,,0,) = {(G2, G22): @ € A} W 2be an ¥>
Double I-open cover of X, so (X,X) = Ugen(G2e ,G22). Then X = Uy ey Gza. Thus the
collection {Gz« : (Gz2«,Gz22) €(0,,0,)} € T, be an T, l-open cover of X, so there exist a
finite sub cover {Gzzj. j =1, 2...n} € {G22:(G22,G22) € (0,,0,)}of X, X = U, Gz,
X.X)=u i1 (Gzaj, Gzaj). Therefore, (X, ¥2) is a W2 Double I-compact.
Proposition 3.15 Let (X, ¥1), (X, ¥2) be two DITS such that Wz is finer than W1. If (X, W2)
is Double I-compact, then (X, W1) is Double I-compact.
Proof It is clear by using theorem 3.14, we get the result.
Proposition 3.16 Let (X, ¥) be a DITS, (@D) € X, if it was (C, H) is Double I-compact, (@
D), is Double I-closed set, then (C, H) n (@ D) is Double I-compact.
Proof Suppose that (04, 0,) = {(G1«, G22):a € A} is Double I-open cover of (C, H) N (Q D),
SO(C,H) N(Q D) CVUyecp(Gia,g2a), (C, H) S (Ugen(Gi1a,G22)) U (Q D)C. Since (@ D) is
Double I- closed set of X's, then (@ D) © is Double I-open set. Hence {(G 1z , g22)} U {(Q D) %}
is Double I-open cover of (C, H). But (C, H) is Double I-compact, so there exist a finite sub
cover {(G1zj,Gz2zj): j= {1, 2.... n} U {(@ D)} of (C, H), (C, H) & (U ;.lzl (G1zj ,G22)) V{(Q
D%, (C,HN(QD) cu }1:1 (G 14 , G 22)). Therefore (C, H) n (Q, D) is Double I-compact.
Definition 3.17 Let (X,¥) be DITS, and Y be a sub space of X. Then Y is called Double I-
compact if every Double I-open cover from X Double cover Y has a finite sub cover.
Notes: If Y is Double I-compact subset of (X,¥), then Y, Wy) is called Double I-compact sub
space of (X, 'P).
Example 3.18 Let X={ x y, z}; ¥ = {(8,0), (X.X), (M, M), (M3, M,) } where (M;, M)
= (. {x, ¥}, {z}), (x, {x, ¥}, @) and (M3, M) = (x, {y}, {z}), (x, {y},0)) . Y ={y, 2}, YE X
(Y, Y) = (o, (0}, {23), (x, (¥}, {2})) € ¥. Take C,={(8,8), (M1, M)}, 50 (Y, Y) &€ (My, M)
is Double 1-open cover from X Double cover Y, so this Double cover satisfy the definition of
Double I- compact subspace. Now, we introduce all Double I-open cover for X as follows:
sz{(a,a),(Ms’MzL)}, so (Y,Y) & (M3, My) ;C3= {(M;y, My),(M3, M)} ;642{@16),()?’)?)} ’
50 (Y,Y) € (X.X) ; Cs={(8,8),(X,%),(My, M3)}; C6={(,0),(X.X),(M3, M)} ;C,=
{(616)1()?,)?) (M1, M), (M3, M)} = W5 Cg = {(X.X), (M1, M)} ; Co={(X.X),(M3, M,)}.
In addition, every Double cover of them has a finite sub cover. Hence, Y is Double I-compact
sub space of (X,¥).

83



Theorem 3.19 Let (X, ¥) be DITS. In addition, {(Gzz ,G2): a € A} be a finite family of
Double I- compact sub space of X, then U, ¢ (G 2z , G z2) is Double I-compact.
Proof Let ((Q D), (C, H)) € Xare Double I-compact. Now (@ D) U (C, H) we want to show
that this union is Double I-compact. Since (@ D) U (C, H) S U4 s (G212 ,G22) € ¥V ,(Q D) &
Ugea (G1a,G2z) and (C, H) S Uy ep (G122 ,G22) (Since (@ D) <(Q D) U (C, H), (C, H) S(Q
D) U (C, H).Thus, {(G1z,G2): « € A}is Double cover of (¢ D) and (C, H). But (@ D) ,(C,
H) both Double I-compact sub space of X, then there exist az, az ...,an; (@ D) € U ;‘zl(ij
G2z j) and there exist az, az ...am ;(C, )€ U} (Giar ,Gzan ), (@ D) U (C, H) €
(v ?:1(61”1' ,G22j)) U (UL (Gian, Gzan)). Therefore, {(Giz ,G2): a € A} has a finite sub
cover for (@ D) U (C, H), (@ D)u (C, H) is Double I-compact.

Theorem 3.20 A Double intuitionistic topological sub space (Y, Wy) in DITS (X, ¥) is
Double I- compact if and only if Y is Double I-compact in (X,¥) .

Proof Assume that (Y, Wy) is Double I-sub space of (X, W), so that Y is Double I-compact of
(Y, Wy) to prove Y is Double I-compact of (X, ). Suppose that {(G1z ,Gz2z): a € A} IS
Double I-open cover of Y where {(G1z ,Gz2z): a € A} € ¥ of X which (YY) € Uy e (G1e
,Gzz) where Y = (Y, Y) and from that we find (Y, Y) € (Y, Y) N(Uges(G1e ,G22)) =
Ugea ((V,Y) N(Gi1a ,G22)) = VUgyep (F 12 ,F22) Where (Fia,F22) =(Y,Y) N (G1a ,G22)) €
Yy . Thus, the collection {(F 1« ,F2z): a € A} is Double cover of (Y, Y) with Double I-open
set of (Y, Y). Hence there is a finite sub cover {(F 1zj,z,): j=1, 2..., n} such that (Y, Y) &
U ;.1=1(F1¢zj,F2a/j) =({(Y,Y)n (U ;.lzl(Gerj ,G22))) € U ;-l=1(G]a'j , G 2z;) . This means that Y
is Double I-compact in (X,¥) .

Conversely: Assume that Y is Double I-compact of (X, W), {(G1z ,Gz2z): @ € A} is Double
cover of Y with Double I-open set of Y, s0 (Y,Y) €U, en (G1e , G 22); (G i1a,G 22) €E¥y, Where
Y = (Y,Y) by definition Double I-subspace for each a € A there exist (Fiz,F22) € ¥ such
that (G12,Gz22) = (Y, Y)N(F1a,Fz22) , (Y,)Y) SUgen(Gi1a ,G22 )= Ugeq (Y, V)N (Fia
JF22) = (Y, Y)N(Upen(F1e ,F22)) € Ugep(Fia ,F2e), (F1z ,F22) € W. Thus the
collection {(F1z ,Fzz): a € A} is Double cover of (Y,Y) with Double I-open set of X , and
where (Y,Y) is Double I-compact of (X,%), so there exist a finite sub cover {(Fizj, Fzz;):
j=1, 2...,n} such that (YY) < U;.lzl(Flaj JF227), (YY) € (Y,Y)n( szl(anj,FZczj)) =
U ?:1 ((Y,Y)N (Fiaj,Fzj)) =V ;?zl(ij , G 22j) is a finite sub cover of (Y, Y). Therefore, Y
is Double I-compact of (Y, ¥v).

Theorem 3.21 Let (X, W) be DITS. Then, (X, ¥) I-compact if and only if (X ¥ X ¥) is
Double I- compact.

Proof Suppose that (X, W) be I-compact, let {(G1z , G22): @ € A} be a Double 1-open cover
of X, 0 (X,X) = Uy e (G1z ,G22). Then for each (G1z,Gz22) in {(G1z ,G22): @ € A} there
exist (Giz ,Gz22) EVY, G1a S G2« . Thus the collection {G1z:: @ € A} S ¥ is I-open cover of
X,80X =Uye, Gie.Since (X, ¥) is I-compact, then there exist a finite sub collection {G 7~
jo j=1,2...n}of {Giz:a € A}suchthat X =U™_| G1ej. NOW G1aj € G2aj, U, Gi1aj S

UT_, Gzo Hence X.X)=(u ?:1 Giaj, UT_| G2) = UT_| (Giaj, G2a)). Therefore (X ¥ x
¥) is Double I-compact.

Conversely: Let (X ¥ x ¥) is Double I-compact, let {G-a € A} S ¥ be an I-open cover
of X, so the collection {(G+,Gz): « € A} C¥ X ¥ is Double 1-open cover of X. Hence, there
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exist a finite sub collection {(G«j, Gj): j=1, 2..., n} of {(Ga, Go): @ € A}such that (X,X) =
U ;.lzl (Gzj,Goj)andso X = U ;.lzl G<j . Therefore (X, ¥) I-compact.

Definition 3.22 Let (X, W) be DITS, let (Z1,Z,) = {(K 12, K 22): @ € A} be a family of I-sets,
we call this family satisfy the Double intuitionistic finite intersection property (Double I-FIP,
for short) if for every finite sub collection {(K 1zj,K z2;): j=1, 2....,n } of (Z;.Z,) ,we have
(K 14, K 27) #(@,9).

Example 3.23 Recall example 3.9. Notes that the intersection every finite number of the
family is non-empty, so it satisfies Double I-finite intersection property.

Theorem 3.24 Let (X, ¥) be DITS. Then, (X, ¥) Double I-compact if and only if every
family of Double I-closed subsets of X satisfy (Double I-FIP) being intersection nonempty.
Proof Assume that (X, ¥) is Double I-compact space, let {(K1z ,K22): a € A} be a family
of Double I-closed sets satisfy (Double I-FIP) to prove N,  (Kie ,K2) #(®,8). Suppose
Nees (Kia,Kz0)=(@,8), (Naes (K1a,K2)°=(0,8)°, Ugen (K1a,K29)°= (X.X) . Since
(K12 K2) is Double I- closed, so V& , (Kiz,K22)® € ¥ Va , {(Kiz ,K22) ©: a € A} is
Double I-open cover of X . Since (X, W) is Double I-compact, thus there exist az, az ...,an
e A}, (X.X)= U7=1 (K1zj ,K22)) ¢, (X.X)¢ =( U]n=1 (Kiaj ,Koaj ) ), (@,0) = ﬂ]?‘=1 (K1aj

, K2« j) which a contradiction, since this family satisfy (Double I-FIP) , then N ?:1 (K 12j, K 22j
) #(,8). Therefore Ny ey (K1z,K2) #(8,0).

Conversely: Assume that {(K1z ,K22) : a € A} be a family of Double I-closed sets satisfy
(Double I-FIP) and N, ¢4 (K 12, K 22) #(@,8) (for any family of Double I-closed sets satisfy
(Double I-FIP)). To prove that (X, ¥) Double I-compact. Suppose that (X, ¥) is not Double
I-compact, so there exist Double I-open cover of X has not finite sub cover, i.e., (X,X) =
Ugea (Lia,L2a) A (X.X) iU}’_l (Lizj,L22j) ;V a1, az ...an € A, (X,X)¢# (U ;‘_1 (L1aj

,L22)))¢, (@,0) # n}?zl (Ligj, Lzzj)¢ and (Lizj,Lze;)° € W¢, since (Lizj,Lz2zj) € ¥
we have the family of Double I-closed sets {(Liz,L 22) ¢: a € A} satisfy (Double I-FIP), but
intersection this family is empty . Since (X,X) = Ugeq (Liz ,L22), (X.X) ©= (Ugen (Lia
,L22))°, (@,0) =Ny eq (Ki1e ,K22)° whish a contradiction (with hypothesis ) . Therefore
(X, W) is Double I-compact space.

Conclusions

In this article, we got the next results: We presented a new set of concepts related to the Double
intuitionistic compact space in DITS, and its relationship with some other classes and give
examples for each concept. We also proved the family topology space of all Double intuitionistic
open sets in X is DITS, every Double I-closed set is Double I-compact, if (X,%) is Double I-
compact if and only if (X,T;) is I-compact (respectively, (X, ¥1) is a W1 Double I-compact where T;
={Q: (Q D)e W} (resp. ¥:={(Q Q), (@ D) e ¥}), and if W> Double I-compact if and only if (X,

T2) is an T, I-compact where ¥> = {(D, D), (@ D)} € ¥. Also, if (X,') is Double I-compact, then
(X,T3) is I-compact where T; = {Q :( @ X) € ¥}, if (X, ¥) I-compact if and only if (X ¥ X ¥) is
Double I- compact. Finally, if (X, ¥) is Double I-compact if and only if every family of Double I-

closed subsets of X satisfy (Double I-FIP) being intersection nonempty.
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