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Introduction

In the field of topology, the study of open sets is the cornerstone for understanding the
mathematical structures of spaces. These sets are based on a set of properties and rules that
form the basis for analysing the relationships between points and sets in topological spaces.
Among the important concepts in this field are the concepts of open sets and maximum open
sets, which represent new challenges in the analysis of general topology and its relationship
to spaces with complex structure.

Therefore, many researches were presented in the field of new open sets, including: a new
set of regular general open sets was presented and how they interact with other open and
semi-open sets using examples and proofs [1], the concept of semi-open sets in soft
topological spaces was developed, with its applications in dealing with uncertainty in many
fields [2], a new definition of C-Open Sets was presented, and their properties related to
separation, compactness, and continuity were explored. It also presents some important
theoretical results using illustrative examples [3], and the concepts of separation and
continuity are studied using semi-primary sets [4], Soft w6-Open Sets [5], and it also
highlights a new type of semi-open sets (Nearly Open Sets) and explains their properties [6],
and the analysis of general open sets using partition theories that provide a deeper insight
into the relationships of these sets in different topological spaces [7].
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This study aims to find some properties of iDg-open sets, the iDg-open sets and iD;-
minimal open sets and use them to get some findings iDg-open sets and pre-Hausdorff spaces.

Section 2 introduces some fundamental Concepts. In section 3, study and focused on
maximal iDg. In section 4, study Closure, interior, and iDgMax-open sets, while in section 4,

study Fundamental properties of radicals, finally in section 5 focused on additional on radicals
of iszMax-open sets.

1. Fundamental Concepts

Definition (1.1) [8],[9] : A non-empty set X containing four universal topologies denoted by
T, T,, T3 and T, then a subset A of X is called quad-open (¢-open) if the condition is holds: A
subset of T; U T, U T3 U T,. The complement of A is ¢-closed.

Note (1.2) [8],[10] : A non-empty set X connected to with 4-topologies, and any member of it
topologies holds condition in definition (1.1) namely "¢-topological spaces (Top,.S)" (X, Ty),
¢ = 1,2,3,4. Every fundamental topological space (Top.Space) is satisfied by open set in a
Top.Space.

Definition (1.3) [11] : If (X, T,) is a Top.Space, and A € X is a non-empty set, then A is
namely g-open if for all closed sets E that are partial of A the relation is satisfied: E S A;;;.
Where A;,; is the interior of A.

Definition (1.4) : If (X, T(p) is a Top,.S, and a set @ # A< X, then A is i-open if: AC
(AN R), when (AN R), is closure of A N R, with any proper subset R of X.

Definition (1.5) : If (X, T(p) isaTop,.S,andaset® # A S X, then Ais iD*-open (open;p#) if:
A subset of Ty {i — Taeen|[Tsne (i — Tacery(A)}]}, where @ — Tyint), § — Taine) are interior of
T, and T; respectively, i — Ty, i — Ty(cp) are closure of i-T,, and i-T, respectively.

Definition (1.6) : If (X, T(p) is a Top,.S, and A € X is a non-empty set, then A is iDg-open
(openiDg) if: for all iD*-closed sets E that are partial of A the relation is satisfied: E € A,,;.

Where A;;,; is the interior of open;,« A.
Example (1.7) : Let X = {a,7,f}, where T, = {X,0,{a}}, T, = {X,0,{a,r}}, Ts = {X,0,{f}},i —

T, = {X,0,{a}, 0} {ar} o f) I 3} - TS = (6,0, 0 fL (e, L I (@), Ts = (X,0,4F3),
T, = {X,0,{a f}}, T = {X,0,{r}}, i-T, = {X,0,{a}, {f}{a fh{a 1}, {r, f}}, i- Tf =
{X, @, {r, f}{a,r},{r}{f} {a}}. Then (X, Tq,) is a T,.S. So open;,#(X) = {X, ?,{a, f}}. Thus, the
set of all iD*-closed set in X is closed; #(X) = {X, 2, {r}}. Finally open;py X) =
{x,0.{a}, {f}.{a 1}

Example (1.8) : Let X = {a,t,d}, where Ty = {X,0,{a},{t},{a,t}} , T, = {X,0,{d}}, T5 =
X,0,(at}i-T,={X0{}{at}{a}},i-T5s = {X,0,{a d}{d},{t,d}}, Ts=1{X0{t}{at}
T, = {X,8,{a,t}}, T = {X,0,{d}}i- T, = {X, 0, {a}, {t}, {a, t}, {a, d}, {t,d}}, i- T§ =
{X,0,{t, d},{a t},{d}, {t}, {a}}. Then (X, T(p) is a T,.S. So open;,#(X) = {X,0,{t},{a t}}. Thus,
closed;p#(X) = {X, ?,{a,d}, {d}}. Finally openl-Dg(X) = {X, @,{a},{t},{a, t}}, consequently

open;ps (X) is Top.Space.

2. Maximal open; D},
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This section covers the basic concepts of maximal open,ps sets in quad topological spaces.

These concepts form the basis for the mathematical analysis of these sets, including basic
definitions and elementary properties. Application examples of these concepts are presented.

Definition (2.1) : An open;px set @ # AofaTop,.S is claimed to be a maximal open;ps
set (iDgMax) iff any open;ps set which is may be found in A is X or A.

Example (2.2): Let X = {a, s, z}, open;pe X) = {X ,0,{a},{z},{aq, z}}. Then {a, z} is maximal
:y#
iDg vy OPEN Sets.

Lemma (2.3): Let D,and V are a iDgMax-open sets with M an open;ps set. Then

1. M=X,orM c D.

2. DuV=X,orD =V.

Proof: 1. Take M is an open;ps set, and D UM # X, Given that D iDjMax-open sets, and

DcDUM=DnNM = D, therefore M c D
2.take DNV # X = eitherD c VorV c D.From (1) wegetD = V.
Proposition(2.4): Let F be a iDgMax-open sets. If a is an element of F, then F subset of W,

as W is any openiDg-neighbourhood ofx, FUW =X,orF =W

Proof: directly by [Lemma(2.3)].
Proposition (2.5): take Uy, Ug, and Us are a iDjMax-open sets, with U, # Up, if U, N Ug < U,
then either Ug © Us, or U, < Us.

Proof: we see

U,NUs=U, N (UsNX)

Uy N Us = Uy N (Us N {Uy U Up}) from [Lemma (2.3)]

Ua N U5 = Ug 0 ((Us N Ue) U (Us 0 Up))

Uy NUs = Uy N Us) U (Ug N Ug N Us)

Uy NUs = Uy U (U, N Up)

If Us + Up = Upg UUs = X,and U, N Us = Uy, consequently U, < Us

Then Given that Uy, Ug are a iD;Max-open sets = U, = Us

Proposition (2.6) : Let U be a iDngax-open sets and x € U. Then,

U =u{lW |W openiDg-neighbourhood ofxasWuU # X}

Proof From [Theorem (2.4)] and by assuming U is openl-Dg-neighbourhood of x. We get:

U cu{lW |W openiDg-neighbourhood ofxasWuU # X}cU.

Finally, the presumptions hold
Theorem (2.7): for any finite open;ps set V c X, there exist at least one finite iDgMax-

openUasV cU
Proof if V is a L'DZ;‘E -open set, we may set U = V. If Vis not a l'Dg -open set, then
Max Max

there exists an finite open;ps setViasV GV, #X. IfV)isa iDgMax-open set, we may set U =
V. If V) isnot a iDgMax-open set, then there exists an finite open;ps setVyasV ¢V, €V, #+
X. As we go, we are left with a series of iDngax-open set

Vel eV, -V, &
Given that V is a finite open;py set, this process repeats only finitely. Thus, finally, then

have get geta iDgMax-open setU = V, forsomen € Z™.
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3. Closure, interior, and iD¥  -open sets.
IMax

Theorem (3.1): to any iDgMax-open U, with element x € X — U . Then, X — U proper sub
set of W open;ps-neighbourhood of x.

Proof by presumptionx € X —U = W ¢ U, for of W openiDg-neighbourhood of x. Then,
From [Lemma (2.3)] W U U = X. Therefore, X proper sub set of V.

Corollary (3.2): Let any iDgMax-open U. Then, either for every x e X —U , and W
openiDg-neighbourhood ofx, W=X,or13 open;pi set W, as X€ proper sub set of W, and W
proper sub set of X.

Proof. If for every x e X — U ,and W openiDg-neighbourhood of x , W = X not hold, then
AxeX—-U,and W openiDg-neighbourhood of x as W proper sub set of X from [Theorem
(3.1)] X — U proper sub set of .

Corollary (3.3): Let any iDgMax-open U. Then, either for every € X — U, and W openpi-
neighbourhood of x , then have get X —U &€ W, or 3 open;pi setW,asX—-U =W # X.

Proof. If 3 open;pi set W,as X —U =W # X not hold, then from [Theorem (3.1)], then
have get X — U proper sub set of W, foeanyx € X — U ,and W openl-Dg-neighbourhood of x,
consequently X —U € W.

Theorem (3.4) : To any iDgMax-open U.Then, U, = X,or U, = U.

Proof. Given that U is a iDgf wax OPED Set, from [Corollary (3.3)] one of presumption only

hold:

(H)vxeX—-U ,andVW openiDg-neighbourhood ofx,getX—-U & W.
letx€X—U and W openl-Dg-neighbourhood of x.
Given that X/U # W,thenhavegetW nU # @, VW openl-Dg-neighbourhood of x

Consequently, X/U cU,.Giventhat X=UUX—-U)c UUU, =U, c X, then
haveget U, = X;
(2)3W as X/U =W # X:Given that X —U =W is an openpx set, U is a closedwg

set. Therefore, U, = U.

Theorem (3.5) : to any iD;Max-open U.Thus, (X = U)ipe =X, 0or (X — U )i = .

Proof. Given that U is a iD;Max-open set, from [Corollary (3.3)] one of presumption only
hold, then have get (X — U )jns = X, or (X — U )jpr = 0.

Theorem (3.6) : To any iD;Max-open set U and any open;ps sets, when @ #Sof aX —U.
ThenSiDg =X-U.

cl

Proof Given that @ # Sof a X —U ,then haveget WNS #@,forx e X—-U,and VW
openiDg-neighborhood of x, from [Theorem (3.1)]. Then X —U c S, {Given that X — U

is closediDg set}, and S € X—U , we observe that S, cX—-U)y=X-U .
Consequently X — U = Swg .

cl
Corollary (3.7) : Let any iDngax-open U and for any open;py set, and @ # M c X, with
U & M Then M, = X.
Proof Giventhat UGS M c X, #Sc X —U as M = U U S. Consequently, then have get
My =6SUU)yg=5S,UU,;>2 (X —-U)UU =X from [Theorem (3.6)] Therefore, M, = X.
Theorem (3.8) : Let any iD;Max-open U and suppose X — U has at least two elements.
Then (X —{a}) =X,VaeX -U.
Proof Given that U & X — {a} by presumption, then have get the outcome by [Corollary
(3.7)]
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Theorem (3.9) : To any iDgMax-open U and suppose N a proper open;ps subset of X with

U c N.Thus, Ny =U.
Proof. If N = U, thus ng = U = U. Otherwise N # U, and consequently U & N. It

int
suggests that U c N;,;. Given that U is a iDgMax-open set, then have get also N;,; < U.

Therefore, Nipg =U.
int

Theorem (3.10) : To any iDngax-open U and suppose @ # S a proper open;ps subset of
X—U.Thus, X =S+ =X —-U)jps -

9cl Jint
Proof Given that U c X —S & X by presumption, then have get the outcome by
[Theorem (3.6) and Theorem (3.9)].
Definition(3.11) : A open;pi subset M in T,.S (X, T(p) is namely pre- open;p
(preopenl-Dg) ifM c Cling (Mint)ng-
Theorem (3.12) : Let any iDgMax-open U and any open;ps subset M of X, with U c M,
then M is preopen;ps set.

Proof If M = U, then M is open;py set. Therefore, M is a preopen;ps set. Otherwise, U

=X D M by [Corollary (3.7)]. Consequently, M is a

M, then int;pp (M”mg) = Xl-ngt
preopen;ps set.

Corollary(3.13) : To any iDgMax-open U. Then, X —{a} isa preopen; s set to any a €
X—-U.

Proof Given that U < X — {a} by presumption, from [Theorem (3.11)] then have get the
outcome.

4. Fundamental properties of radicals

This section focused on the topological properties of iD;IE vy OPEN by studying the
concepts of interior and radical closure.
Definition (4.1) : to any iDj I U, a €A, the intersection of all U,, is called radical
of Uy, @ EA.
Theorem (4.2) : Let |A| = 2.any iD;Max-open Up, @ ENand Ug # Uy, vy, B ENY # P.
(1) forany y €A, X Ngepyiy Up € U,
(2) for any y €A, Ngepyy U # @.
Proof (1) for any y €A. From [Lemma 2.2], then have get X /U, c Ug, for any €A, with
Y # B.Then, X/U, € Ngep/gyy Ug- Therefore, then have get X Ngep /g3 Up € U,
(2) If NpensgyyUp # @ ,then have get X = U, from (1). X = Up by (1). This conflict
presumption U,, is iD;Max-open set. Then then have get Ngep ) Up # 9.
Corollary (4.3) : Any iD;Max-open Uga EAand Ug # Uy, y, B EAY # B,if |[A] = 3, then
thenUpg NU, #@,y,B ENY * B.
Proof By [Theorem (4.2)], then have getUg N U, # @,v,B €AY # B.
Theorem(4.4) : Any iD;Max-open Ug @ €A and Ug # Uy, v, B €AY # B, if |A| = 2, then
then UgNnU, # @,v,B €Ay # B. Then, NgensiyyUs € Uy & Npepyiyy Up-
Proof If Npger/1Ug @ Uy, ¥ €A, then we show X = (X/Ngensiy3 Us) U Npensyy U € Uy,
from [Theorem (4.2)]. This conflict presumption. If U, € Ngep/y3Up, then U, < U,
consequently U, c Ug, if f € A/y. This conflict presumption U, # Ug, wheny # £.
Corollary(4.5) : Any iD;Max-open Upa €A and Ug = Uy,,y,BEAY #B. If @ # T is a
openiDg-subset of A, thus Ngea/r Ug € Nger Ug & Ngenyr Up.
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Proof Take 6 € I', we show Ngen/r Ug = Npecia/rivion /oy Up € Up, from [Theorem (4.4)].
Therefore ~we  show  NgepyrUp €NgerUp.  In other side  Given  that

Noer Us =Noer/ia/ryUs € Nger Ug € Ngensr Up.
Theorem (4.6): Any iD;;Max-open Ug,BENand Ug = U,,y,BEAYy #B. If @ #T is a
openiDg-subset of A, then NgerUp & Nyer U,
Proof By [Corollary (4.5)], then have get NgeaUg = NgenyrUsg N NgerUs & Nyer Uy
Theorem (4.7) : (a theorem of decomposition for iDjMax-open). Assume that |A| = 2. any
iDgMax-open Ug,B ENand Ug #+ U,,v,B ENY * B. Ifo+Tisa openiDg-subset of A, thus,
fory €A, U, = NyeaUy U X/Ngensyy Up
Proof For y €A. From [Theorem (4.2)], then have get
NperlUp U X/Npensiy Up = Npersiy Up N Uy U X/ Npensiyy Up
NperlUp U X/Npensiy Up = Npersiyy Up YU X/ Npensiyy Up N Uy U X/ Ngensiyy Up
NperUp U X/ Npersiyy Up = Uy U X/Npensiry Up
NperlUp U X/Npensiy Up = Uy
Therefore, then have get U, = (ﬂﬁe,\ Uﬁ) U (X/ﬂﬁe,\/{y} Uﬁ).
Theorem (4.8) : Any iDgMax-open Ug, B €A, where a finite A, and Ug # Uy, v, B. 1f Ngea Up
isa closediDg set, then Ug, B EAis closediDg.
Proof from [Theorem (4.7)], then have get
Uy = (NpenUp) U (X/Npensiy Up)
Uy = (NpenUp) Y (Upen/on X/ Up)
Given that A s a finite set, we see Ugen /3 X/Up is a closediDg set. Consequently, U, is a

closediDg set from presumption . As an use of [Theorem (4.7)].
Theorem (4.9) : For |A| = 2 any iDgMax-open Ug, B €A, where a finite A, and Up #
Uy, v, B-1f Ngea Ug = @, then {Ug, B EA} is this set of all iD;‘Max-open sets of X.
Proof If Jan additional iDgMax-open set Us of X, Ug # Us, B €A, then @ # NpepUp =

Ngenugsy sy Ug- from [Theorem (4.2)], we observe that Ngepuisy/is) Up # @- This conflict
presumption.
Example (4.10) : If each point {x} is closediDg (e.g., X is a Hausdorff or a finite or a

countable space), then X/{a} is a iD;Max-open set for any a € X. Moreover, we see
{X/{a}|a € Xlis this set of all iDgMax-open sets of X from [Theorem (4.9)], Given that

Naex X/{a} = 0.
Proposition (4.11) : For any open;ps A BcX.IfAUB = X,ANBisa Closedl-Dg set, and

Als open,ps set, then B is closediDg set.

Proof Given that X/A c B, then we observe
(ANnB)UX/A = AUX/ANBU(X/A= BUX/A= B.(4.4) Given that AN B and X/A
are closediDg sets, we observe that Bisa closediDg set.

Proposition (4.12) : If Ug, B €A is an open;ps and Up UU, = X,B,y €N, B #y. If NgeaUp
isa closediDg set, then Ngeaugyy/y Up is a closediDg set.

Proof If y €A. Given that Ug U U, = X, B,y €A, B # v, then have get U, U Ngepugyy iy Up =
Ngerviyy/y Ug U U, = X. Given that U, U Nger/pyUp = NpepUp is a closediDg set by
presumption, N geaugy}/y} Upis @ closedl-Dg set from [Prop. (4.11)].

Theorem(4.13) : Any iD;Max-open Ug, B €EA, where a finite A, and Ug # U,,y,p. If
NpenUg isa closediDg set, thenNgen /3 Up is @ closediDg set.
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Proof from [Lemma (2.2)], then have get Ug U U, = X, B,y €A, B # y. By [Prop. (4.12)],
then have get Ngep/pyUp is a closedwg set. If the presumption of [Prop. (4.12)] not

maintain, then condition that N, Up is a closediDg set # Ngensgyy Up is closediDg set.
Here's an example.

Example (4.14): Let X = {a, b, c}, where open;pi X) = {X, @,{a},{b} {a, b}}, thus {a} N
{b}n{a,b} =0, is closedwg set , {a}u{b}uU{a,b}={a b} +X is closediDg set, {a} U
{b} ={a,b} # Xis closedwg set.

5. More radicals of iDZ -open sets
Max

Proposition (5.1): Let any iDj -open Ug, 8 EA. If (Ngen Uﬁ)d = X, thusUg_ =X €
A.
Proof. We observe X = (ﬂﬁe,\ Uﬁ)cl C Uﬁcz' It suggests that Uﬁcl =X p e

Theorem (5.2) : Any iDngax-open Up, B EN. If (ﬂﬁe,\ Uﬁ)cl # X, then 3 an element § €A
such Uﬂcl = Up.

Proof Assuming that Uﬁcz = X B €A.. Let § €A Given that Ngep sy Up is open;p set, then
have get (NpenUg),, = Npenssy Up N Us 2 Npensisy U N Us,,

(Npenlp),, = NpenieyUp N X

(NgerUp),, = Npensisy Up

Consequently, (Ngen/(s) Uﬁ)cz < (Ngen Uﬁ)cl'

On the other hand, we observe that NgerUp © NpepssyUp, and consequently
(NpenUp),, © (NgensioyUp),,- 1t suggests that (Ngea Ug) , = (Nperrisy Up),,

By continuously in same way then get for any element in A, then see (ﬂﬁe,\ U'B)cl = Uﬁcl =
X. This conflict presumption. that (NgeaUp),, # X. Therefore, then observe that 3 an
element § €A. such that U,gcl = Up.

Theorem (5.3) : (the law of radical closure). L any iD} o -0PEN Up, B €A, where a finite
A. take I" be a open;pi subset of A so that Uﬁcl =Ugtoany p €T, Uﬁcz =X forany B €
A/T.Then, (NpeaUp) , = Nper Up, or (NpenUp) , = X if T = 9.

Proof If I' = @, then then have get the outcome from [Theorem (5.2)]. If ' # @, and
consequently we observe that :

(Npenlp),, = ((ﬂﬁer Ug) N (Ngensr Uﬁ))d 2 Nper Ug N Nper/r Up

(NpeaUp),, = Nper U N X

(ﬂﬁe,\ Uﬁ)cl = Nger Up, the by [Theorem (5.2)] and the Nger Up is open;p set. It suggests
that

(Npenlp),, = ((ﬂger U‘B)Cl)cl > (NgerUp) . On the other hand, we observe that
NpenUp © Nger Ug, and consequently (ﬂﬁe,\ Uﬁ)cl c (ﬂﬁer Uﬂ)cl' [t suggests that

(ﬂﬁe,\ Uﬁ)cl = (nﬁer Uﬁ)cl' The radical NgerUp is closediDE set Given that U is a
closediDg,set for any A € I' by presumption. Therefore, we observe that (ﬂﬁe,\ Uﬁ)cl =

(nﬁel" U,B)Cl'

Conclusion: iDgMax-open is a type open sets represent a new addition to the understanding of
topological spaces. The outcomes can be used to enhance the study of spaces with complex
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structures such as pre-Hausdorff spaces. The research opens new horizons for the
development of advanced analytic theories that can be applied in topology and pure
mathematics.
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