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Introduction

Fractional differential equations are a global procedure of ordinary and partial differential
equations [1]. Lately, many studies in sciences and engineering have established that the
dynamics of numerous systems in nature can be defined additional exactly by nonlinear
fractional partial differential equations (FPDEs), for example, in physics, engineering, biology,
etc. [2-5]. The specialists in this field have made great efforts to facilitate dealing with FPDEs
by generating some ideas of fractional derivatives, such as Caputo’s definition [6].

Maximum of fractional differential equations do not consume exact analytical
solutions; so, numerous approaches have been well-known to obtain approximate and
analytic solutions of (FPDEs), counting the reproducing kernel method [7], ARA residual
power series method [8], the double ARA-Sumudu transform [9], Adomian decomposition
method [10], the power series method [11], and others [12-16]

The adapted method is named ZZ transform with Homotopy perturbation method (ZZ-
HPM) is a procedure for solving linear and nonlinear FPDEs [17].
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The Hirota-Satsuma coupled KdV equations of time-fractional order (HS-KdV) [18]:
DU = JUyyy — 3Ully + 3(vW),

DEv = =V + 3uv,, t>00<ac<1l,
DEW = =W,y + 3UW,. (D)
Subject to the initial conditions:
— 2k?
u(x,0) = p 3 + 2k2tanh?(kx)
k%cy(B + k%) 4k?(B + k?) tanh(kx)
v(x,0) = — > +
3¢ 3¢
w(x,0) = ¢q + ¢; tanh(kx) (2)

where k, ¢y, c; # 0,and [ are arbitrary constant. The circumstance of a=1 in Eq.(1) was
answered through Wu et al [19].

Basic Definitions
In this section, there are three basic definitions, and some properties of ZZ transform

Definition .1[20]: Caputo's fractional time derivative is defined as
r(g- a)f(_ )qala;}(:;K)dK. q_1<a<q:
6tq !
where a € R*,q € N*,
Definition .2 [17]: Let g(t) be a function defined for all t > 0. The ZZ transform of g(t) is the

function T (v, s) such that
Zlg®)]=Tw,s) =s fooog(vt)e"“ dt.

a =q,

Some properties of the ZZ transform
1. Z[1] =1

2. 7]

3. Z[

4, [t“]—F(cx+1)—a>O

5. Z[(CD&w)(D)] = = Z[u(d)] — X2 15 —uM0), n—1<a<nn=12,.

Definition 3. [21]: Least Square Weighted Function (LSWF)
Let the exact solution y(x,t) of a nonlinear FPDEs defined on a closed square K =
[c, h] X [0, V] as follows:

Ny(x,t) = g(x,t), (3)

where N be a nonlinear differential operator, c,h € R and V > 0. Assume Y(x,t) is an
approximate solution of y. The following residual error R(x,t) is estimated by replaced Y in

Eq.(3)
R(x,t) = NY (x,t) — g(x,t). (4)
The main objective of this definition is to minimalize R(x,t). The least squares weighted

method is careful an appropriate numerical measured to determine the amount of error
resulting from approximation and is defined as follows:
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LSWF = [ [VIR(x,0)|? dtdx. (5)
Basic idea of Hybrid ZZ Transform with Homotopy perturbation Method (ZZ- HPM)

Take ZZ transform for Eq.(1)

ZIDEU] = Z [Jtty| — Z[3ur,] + Z[3(vw), ]

Z|D{'v] = =Z[Vyxx] + Z[3uvy],
Z[DEw] = —=Z[Wyxs] + Z[3uwy]. (6)

By properties of ZZ transform:

= Zu(x, )] - Ty ; T (2, 0) = Z [Fitge| — Z[3un] + Z[Bow), ],

= Zlv(x, )] - X2 32 a VE(x,0) = —Z[Vyy] + Z[Buvy],
—Z[W(X, t)] Zk 0 pa- W k(x 0) - = [Wxxx] + Z[Buwx]- (7)
So,

Z[u(x,t)] = ’,3 ésa ; uk(x,0) + :—:{Z E uxxx] — Z[3uu,] + Z[(3vw)x]},
Zlv(x, )] = S—azzzé SV (6, 0) + 5 (= Zlvene] + Z[Bur, ]},
ZIw(x D] = S SRS Wk (x, 0) + o (~Z (W] + Z[3uw, ]}, ®)
Hence,

Z[u(x, )] = u (,0) + S{Z [Fugaa| - Z[3ur,] + Z[Gow), 1}
Z[v(x, O] = v (x,0) + L {~Z[veaa] + Z[Buny]},
ZIw(x, )] = w (x,0) + L (= Z[We] + Z[3uw, ]} 9)

Taking inverse ZZ transform:

uCe, ) = u(x,0) + 27 [2{Z [y | - Z[3uw,] + Z[Gow), 1]
v(x,t) =v(x,0)+ 27~ [—{ —Z[Vyxx| + Z[3uv,] }]
w(x,t) =w(x,0)+Z~ [S_D‘ {—Z[Wysrl + Z[3uw,] }]. (10)

For applying the homotopy perturbation method in Eq.(10),
u(x, t) = Ygeo PMup(x, ), v(x,t) = Ypeo P'vp(x, t) and w(x, t) = Yoo Pwy(x,t),  (11)

where the homotopy P, is considered as a small parameter P € [0,1]. The nonlinear terms can
be decayed as:

Mo Py (6, ) = (3,0) + P (271 [S{Z [3 (B0 Pttn) x| — 3Z[20 PR ()] +
3Z[ %50 P" By (v, w)] + 3Z[%520 P T (v, w)1}]),

£ P06 = 06, 0) 4 P (27 [ (=210 P o) el + 321520 P D) 1]
S0 Prwn (2, 8) = w (6, 0) + P (271 [ {=Z[(Ti 0 P"Wa)aa] + 3218520 P En (W) T} ).
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(12)
Comparing the coefficient of the power of P on both sides in Eq.(12),

— 2k?
'BT + 2k?tanh?(kx)

2 2 2 2
po. v(x,0) = _ 4k Co([i+k )+ 4k?(B+k?) tanh(kx)
3cq 3¢,

P%:w(x,0) = ¢y + citan h(kx)

P%u(x,0) =

Pt (6, 0) = 2 [ {2 [ )] ~ 320Ro 2001 + 32184 + 3210, )
Piv,(x,8) = 27 [ {=Z[(Wn el + 32101 (w,v) )]

pP™: Wn(x; t) = Z_l [Z_“ {_Z[(Wn—l)xxx] + 3Z[En—1(u: W) ]}] (13)
where, n € N*. We stay in this way to find the general recursive relations.

The primary limited components of He’s polynomials, are assumed in

Ro(u) = ugugy

Ri(w) = uqugy + UglUyx

R, (W) = UpUgy + Uy, + Uglpy
Bo(v,w) = vowoy

B1(v,w) = viwox + VoWiy
B,(v,w) = v,Woy + V1 Wiy + VoWoy
To(v, W) = wovoy

Ti(v,w) = wiVgy + WoDsy

T,(v,w) = WpVox + W11y + Wolpy
Do(u,v) = ugvoy

D1 (u,v) = uVox + UgVrx

D, (w, v) = UpVpy + UgVix + Uy
Eo(u,w) = ugwoy

Ey(u, w) = uyWoy, TuoWiy
Ey(u,w) = uawoy + UgWiy + UgWoy (14)

Lastly, the approximate solution is planned through

u (x, t) = ,Clll—l;lgo Zﬁ:O un(x, t):
v (X, t) = ,}l—flc}o Zﬁ:o Un(x, t),
w(x,t) = /lll_r)glo >A_owy(x,t). (15)

The convergence of Eq.(15) has been verified in [22, 23]

Numerical Results and discussion
This paper presents a new approximate solution for the Hirota-Satsuma coupled KdV

equations. We applied ZZ-HPM to obtain a solution to the target equations. This method has
shown high efficiency by comparing our results with exact results in the case of integers. We
also analysed the results and drew solutions. In the Tables 1-3, it was found the absolute error
for each of the approximate solutions in the case of a = 1, where the result of this error was
very close to zero and was large and clear. As for Table 4, the error LSWF was found in cases
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of different types of a, and its result was also close to zero and clearly, which indicates the
efficiency of this method. Finally, in the three-dimensional figures 1-3, the approximate
solutions u, v and w were drawn in succession with the exact solution in the case of « = 1. It
was noted that the degree of closeness between the shapes representing the exact solution
and their counterparts representing the proposed approximate solution was observed.

Table 1. The ZZ-HPM solutions whena = 1,k =0.1,¢y = 1.5,¢; =0.1,§ =15, t =
0.2 for u(x,t), and the exact solutions of u and the absolute error between u, and u,.

X Uzz_ypM Exact u Error |u, — u,|
0 0.4933513225 0.4933513333 1.079449x10-8
0.2 0.4933832501 0.4933832894 3.950084x108
0.4 0.4934310141 0.4934310821 6.794698x10-8
0.6 0.4934944625 0.4934945587 9.59281x108
0.8 0.4935733945 0.4935735173 1.232621x107
1 0.4936675613 0.4936677112 1.497754x107

Table 2. The estimated solutions whena =1,k = 0.1,¢y = 1.5,¢c; = 0.1, =15, t =
0.2 for v(x,t), and the exact solutions of v and the absolute error between v, and v,.

X Vyz_HpM Exact v Error |v, — v,]|
0 -3.013961811 -3.013960000 1.811348x10¢
0.2 -3.009941714 -3.009939906 1.80627614x106
0.4 -3.005929641 -3.005927848 1.79545942x10¢
0.6 -3.001928766 -3.001926986 1.77895530x10-6
0.8 -2.997942228 -2.997940472 1.75687424x106
1 -2.993973120 -2.993971391 1.72937559x10-6

Table 3. The estimated solutions whena = 1,k =0.1,¢ = 1.5,¢c; = 0.1, =15, t =
0.2 for w(x,t), and the exact solutions of w and the absolute error between w, and w,,.

X Wy7_HpM Exact w Error |w, — w,|
0 1.502999100 1.50300 8.99676x10-7
0.2 1.504995837 1.504996734 8.97159676x107
0.4 1.506988589 1.506989480 8.91784584x107
0.6 1.508975778 1.508976661 8.83586885x107
0.8 1.510955847 1.510956718 8.72623243x107
1 1.512927258 1.512928116 8.58963038x10-7

Table 4. Provided the LSWF quantitive when t € [0,1],x € [-40,40], ¢, = 1.5, ¢; =0.1,8 =

1.5.

LSWF
Quantities a = 0.25 a=0.5 a=0.75
E1l 6.25962538x10° 7.01110594x10-¢ 6.49451683x10-¢
E2 2.09469033x10-¢ 7.76131470x10-5 7.44520453x10°
E3 5.16759482x10-¢ 1.91471406x10> 1.83672977x10-°
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Figure 1. The solution of u(x, t), ZZ-HPM solution in (a) and exact solution in (b), while k =
0.1, a=1,B8=1.5,¢y=1.5,¢; = 0.1, t = 0..4,x = —40..40.
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Figure 2. The solution of v(x, t), ZZ-HPM solution in (a) and exact solution in (b), while k =
0.1, a =1, B=1.5,c¢y=1.5,¢; = 0.1, t =0..4,x = —40..40.
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Figure 3. The solution of w(x, t), ZZ-HPM solution in (a) and exact solution in (b), while k
=0.1, a=1,B=1.5,¢y=1.5¢c, =0.1, t =0..4,x = —40..40.

Conclusions
The ZZ- HPM with Caputo fractional derivative, was proved very effective in solving

time-fractional PDEs. Approximate solutions are obtained with acceptable error and
minimum number of iterations. As a result, the conclusion that comes through this work is
that ZZ-HPM can be applied to other fractional PDEs of higher-order due to the efficiency and
flexibility in the application. Through our work, we accomplish the following:
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e 77-HPM is an important technique for solving systems of (FPDEs).
e 77-HPM is a simple method compared to other numerical methods as it requires fewer
calculations.

For upcoming evaluations, the outcomes of this study can be useful to many disciplines.
Such as electronic circuits and communication systems.

References

[1] A. Al-khateeb, H. Zureigat, O. Ala’yed, S. J. F. Bawaneh, and Fractional, "Ulam—Hyers Stability
and Uniqueness for Nonlinear Sequential Fractional Differential Equations Involving Integral
Boundary Conditions," Fractal and Fractional 5.4 (2021): 235, vol. 5, no. 4, p. 235, 2021.

[2] K. Choo, S. Muniandy, K. Woon, M. Gan, and D. J. O. E. Ong, "Modeling anomalous charge carrier
transport in disordered organic semiconductors using the fractional drift-diffusion equation,”
Organic Electronics, vol. 41, pp. 157-165, 2017.

[3] M. Abbas, A. A. Rizvi, and Q. A. J. O. Naqgvi, "Fractional dual fields to the Maxwell equations for a
line source buried in dielectric half space," Optik, 129, 225-230, vol. 129, pp. 225-230, 2017.

[4] H. Tarig, G. J. P. A. S. M. Akram, and i. Applications, "New approach for exact solutions of time
fractional Cahn-Allen equation and time fractional Phi-4 equation,” Physica A: Statistical
Mechanics and its Applications, vol. 473, pp. 352-362, 2017.

[5] L. Wang, D. a. Sun, P. Li, Y. J. C. Xie, and Geotechnics, "Semi-analytical solution for one-
dimensional consolidation of fractional derivative viscoelastic saturated soils,”" Physica A Statistical
Mechanics and its Applications vol. 83, pp. 30-39, 2017.

[6] J. R. Graef, C. Tung, H. J. C. i. N. S. Sevli, and N. Simulation, "Razumikhin qualitative analyses of
Volterra integro-fractional delay differential equation with Caputo derivatives,” Communications in
Nonlinear Science and Numerical Simulation, vol. 103, p. 106037, 2021.

[7] R. J. A. E. J. Saadeh, "Numerical algorithm to solve a coupled system of fractional order using a
novel reproducing kernel method," Symmetry, vol. 60, no. 5, pp. 4583-4591, 2021.

[8] A. Burgan, R. Saadeh, A. Qazza, and S. J. A. E. J. Momani, "ARA-residual power series method for
solving partial fractional differential equations,”" Alexandria Engineering Journal, 62, 47-6, vol. 62,
pp. 47-62, 2023.

[9] A. Qazza, A. Burgan, R. Saadeh, and R. J. S. Khalil, "Applications on double ARA-Sumudu
transform in solving fractional partial differential equations," Symmetry, vol. 14, no. 9, p. 1817,
2022.

[10] W. Liand Y. J. A i. d. E. Pang, "Application of Adomian decomposition method to nonlinear
systems," Advances in difference Equations, vol. 2020, no. 1, p. 67, 2020.

[11] M. J. A E. J. Alaroud, "Application of Laplace residual power series method for approximate
solutions of fractional IVP’s," Alexandria Engineering Journa, vol. 61, no. 2, pp. 1585-1595, 2022.

[12] S. Kumar, B. Kour, S.-W. Yao, M. Inc, and M. S. J. S. Osman, "Invariance analysis, exact solution
and conservation laws of (2+ 1) dim fractional Kadomtsev-Petviashvili (KP) system," Symmetry,
vol. 13, no. 3, p. 477, 2021.

[13] O. Postavaru and A. J. P. D. E. i. A. M. Toma, "Numerical solution of two-dimensional fractional-
order partial differential equations using hybrid functions," Partial Differential Equations in Applied
Mathematics, vol. 4, p. 100099, 2021.

[14] J.-G. Liu, X.-J. Yang, Y.-Y. Feng, P. Cui, L.-L. J. J. 0. G. Geng, and Physics, "On integrability of the
higher dimensional time fractional KdV-type equation,” Journal of Geometry and Physics, vol. 160,
p. 104000, 2021.

[15] J.-G. Liu, X.-J. Yang, L.-L. Geng, and Y.-R. J. F. Fan, "Group analysis of the time fractional (3+ 1)-
dimensional KdV-type equation,”" Fractals, vol. 29, no. 06, p. 2150169, 2021.

[16] R. B. AL-Denari, E. A. Ahmed, S. Moawad, and O. EL-Kalaawy, "Fractional Sumudu
decomposition method for time-fractional OBBM-Burgers equation with its similarity reduction, .

[17] L. Riabi, K. Belghaba, M. H. Cherif, D. J. I. J. 0. A. Ziane, and Applications, "Homotopy
perturbation method combined with ZZ transform to solve some nonlinear fractional differential
equations,” International Journal of Analysis and Applications, vol. 17, no. 3, pp. 406-419, 2019.

[18] M. Shateri and D. J. L. J. o. D. E. Ganji, "Solitary Wave Solutions for a Time-Fraction Generalized
Hirota-Satsuma Coupled KdV Equation by a New Analytical Technique," International Journal of
Differential Equations, vol. 2010, no. 1, p. 954674, 2010.

277



[19]

[20]

[21]

[22]

[23]

Y. Wu, X. Geng, X. Hu, and S. J. P. L. A. Zhu, "A generalized Hirota—Satsuma coupled Korteweg—
de Vries equation and Miura transformations," Physics Letters A, vol. 255, no. 4-6, pp. 259-264,
1999.

M. R. Najeeb, A. Entesar, and O. S. Qasim, "Improving homotopy analytical method with sine
cosine algorithm and Simpson integrative method for solving fractional ordinary differential
equations," in AIP Conference Proceedings, 2022, vol. 2398, no. 1: AIP Publishing.

A. T. Abed, A. S. J. N. A. Aladool, Control, and Optimization, "Applying particle swarm
optimization based on Padé approximant to solve ordinary differential equation,” Numerical
Algebra, vol. 12, no. 2, pp. 321-337, 2022.

J. Biazar, H. J. C. Aminikhah, and M. w. Applications, "Study of convergence of homotopy
perturbation method for systems of partial differential equations,” Computers & Mathematics with
Applications, vol. 58, no. 11-12, pp. 2221-2230, 20009.

J. Biazar and H. J. N. A. R. W. A. Ghazvini, "Convergence of the homotopy perturbation method for
partial differential equations,” Nonlinear Analysis: Real World Applications, vol. 10, no. 5, pp. 2633-
2640, 20009.

278



Samarra J. Pure Appl. Sci., 2024; 6 (4): 271-279 Mohamed A. et al.
___________________________________________________________________________________________________________________________________|

IRRAGI Samarra Journal of Pure and Applied Science SJPAS
Academic Scientific Journals

p ISSN: 2663-7405
e ISSN: 2789-6838

Z7 J29a5 aladialy Lagudiluligpma e pusy 4 jiall KAV calaal 83 Jad)
Fladl) Gl jhaual e Gl

Ol dana jgdallae oF pad dea) dasa
Bl dia sl Anala il )l 5 i glall o sle B (il ) aud

www.sjpas.com

«duadAal) suanl) Cila glra

ALl c¥aleall Ja1 77 dasad Ay b 55 4 Jeall 108 ) 5S4l 2024/07/31 ;i) o )l

(HPM) Blaill ol jlanal 48 jlay Leday ) JBa (e dphadd) e 4, sl 430 30l 2024/08/03 : sl g )

Gy (HS-KAV) Lo susflslis a0 58 olai Jad 3paall o) jaY) aladiad o5 2024/08/04 sl 2
OF Lo sas )l O 5 Apaaall i) Upas S b dady daail) culs S A

S ol A gl s 3l Cum e Al an JSG Jasd dediall 4y ) 2024/12/30 : il &z )1

Aghadll e 4 jal) dlealinl) c¥alead) Jlae 8 dilusal) (e 3y Sall Jad gl dalidall cilalgl)

i Aediall A3y Hhall 58 el | 5 5iS  sgde Cana (5 ) BRGNS ALy

lede J}M\éét@uﬂ\dﬁieﬁj elbd¥l e cpe st e g cboae Lanks il 'gal) cila glaa

2lipkaill mead MAPLE, 2019 aladin eyl

kel

279



